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‘1. Subject of scientific research wo 800 pewn) _
Fuzzy set theory was introduced by Lotfi A. Zadeh, as a mathematical framework for modeling uncertainty,
-vagueness, and imprecision. Building on this foundational work, fuzzy set theory has evolved into a complex
scientific discipline with numerous extensions aimed at modeling different types of uncertainty more precisely.
Classical fuzzy sets represent uncertainty by assigning each element a single membership degree from the interval

[0,1]. Although this approach has proven effective in many applications, it can be limited in situations where it is




not possible to determine a unique membership value due to incomplete information, cognitive limitations, or
conflicting assessments.

‘To address this limitation, Torra introduced hesitant fuzzy sets (HFSs) as a natural generalization of fuzzy sets
that explicitly accounts for hesitation in membership assessment. Within the HFS framework, the membership
degree of an element is expressed as a set of possible values from the interval [0,1], called a hesitant fuzzy element,
allowing the simultaneous consideration of multiple alternative membership values. This approach is particularly
well suited to modeling human judgments, where hesitation arises from uncertainty, lack of confidence, or
disagreement among experts.

Hesitant fuzzy sets have been successfully applied in a wide range of domains, including decision support systems,
supplier selection, risk assessment, medical diagnosis, pattern recognition, and social network analysis.

A central issue in the theory of hesitant fuzzy sets is the handling of hesitant information through appropriate
operations on hesitant fuzzy elements. One of the foundational approaches to defining operations on HFSs is
based on lifting classical fuzzy set operations to hesitant fuzzy elements. In this framework, binary operations
such as union, intersection and complement, as well as algebraic sum and product, are defined by applying the
ccorresponding fuzzy operation to every pair of values across the relevant hesitant fuzzy elements.

In addition, the algebraic aspect of HFS theory has also been developed. It has been shown that, under certain
conditions, hesitant fuzzy sets admit a lattice structure and even residuated lattices. These algebraic structures
provide a theoretical foundation for approximate reasoning and systematic decision-making under hesitation.
However, they are defined only for specialized classes of hesitant fuzzy sets or for specific orderings, which
indicates certain limitations in terms of applicability.

Although different types of lattice-valued fuzzy sets and relations have been studied in the literature, most existing
approaches are formulated within classical residuated lattices or other fixed algebraic structures, where
uncertainty is typically represented by a single membership degree. In contrast, hesitant information involves sets
of possible values, which requires an algebraic framework that can naturally handle such multi-valued information
while still supporting the study of relation inequalities and equations. This motivates the use of power set quantales
as the underlying membership structure, since they provide a natural setting for extending fuzzy relational
methods to the hesitant context, while preserving the residuation property.

The subject of this dissertation is the introduction and analysis of a new algebraic framework within HFS theory.
The framework is based on the power set quantale of a semigroup and enables the extension of classical and fuzzy
relational properties to the hesitant fuzzy context. One of the central aspects of the research is the characterization
of hesitant fuzzy equivalence relations, their corresponding classes and partitions, as well as the characterization
of quasi-orders, including the construction of an equivalence relation from a given quasi-order.

Further, the research includes the study of systems of hesitant fuzzy relation inequalities and equations, with one
side containing the composition of an unknown hesitant fuzzy set and given hesitant fuzzy relations over a
power set quantale, while the other side contains only the same unknown hesitant fuzzy set or another one. In
particular, our research includes the characterization of solution sets of these systems and the development of
algorithms for computing their greatest solutions. Moreover, the characterization of solution sets has been
introduced, in terms of closure and opening systems in the quantale of hesitant fuzzy sets, together with the
corresponding closure and opening operators. Finally, the subjects of our investigation have been more general
non-linear systems of hesitant fuzzy relation inequalities and equations, called hesitant weakly linear systems.
Two types of weakly linear systems will be analyzed within the proposed framework: homogeneous which
include only fuzzy relations on a single set, and heterogeneous one composed of fuzzy relations on two possible
different sets.

IIpeamer HayyHOT UCTpaXKUBamka

Teopujy dasu ckynoBa yeeo je Lotfi A. Zadeh, xao mMaTreMaTHYKH OKBHp 3a MOJIEJIOBAM-E€ HEU3BECHOCTH,
Heonpehenoct u HenpensHocTy. [lonasehn ox oBor ¢pyHIaMeHTaNHOr paja, TeopHja (asu CKymosa eBoIyrupaia
J€ Yy KOMIUIEKCHY Hay4Hy JHCIMIUIMHY ca OPOjHUM IpOLIMpEHHMA PasBHjEHUM PajH NPEeLU3HUjer MOIEIOBAkhA
pa3IMYUTHX BUNOBA HenssecHOCTH. KitacHunH (asu CKyNMoBH MOZeIyjy HEM3BECHOCT TAKO LITO CBAKOM EJIEMEHTY




NPHUAPYXKY]Y JEMUHCTBEH CTENEH NMpUNagHocTH 13 naTepana [0,1]. Mako ce oBaj npuctyn mokasao epukacHAM
y 6pojHEM NpEMEHaMa, OH MOe OUTH OrpaHHYeH y CHTyalldjaMa y KojuMa Hije Moryhe oipeuTH jeIMHCTBEHY
BpPEAHOCT CTeNeHa IPHINAAHOCTH YCJIE€A HENOTHYHMX HMHQOpMalHja, KOTHUTUBHHX OFpaHHuYea WA
TIPOTUBPEYHHX MPOIICHA.

Y uuiby npeBasuiaxerma OBOT orpanudema, Torra je yBeo Heomiyuse dasu ckynose (HOC) kao mpupomny
TeHepanu3anyjy a3y ckynoBa, Koju eKCINIHIIHTHO MOZEIY]y OKJIEBal-e IPH MpPOLEHH CTENEeHa IPUNagHocTH. Y
'OKBHPY T€ODHj€ HEOTyYHHX (ha3M CKyIOBa, CTEIICH IIPUIIaJHOCTH €JIEMEHTA NPEJICTaBIbEH je CKynoM Moryhux
BpeaHocTH U3 uHTepBana [0,1], xoju ce HasuBa HeoMny4HH dasu enemeHT. TuMe ce omoryhaBa HCTOBpPEMEHO
pasMaTpame BHIUE AITEPHATUBHUX BPEJHOCTH CTeNeHa npunagHocTH. OBaj mpucTyn moceGHO je morojgaH 3a
MOJIENOBAE JhY/ICKUX NPOLIEHA, Y KOJHMA CE OKIICBAME jaBiba ycIiel HEM3BECHOCTH, HEIOCTATKA camoIoy3ama
WM HecariacHoCTH Mehy excriepTuma. ‘

Heomnyunn ¢a3m cKynoBH HalliM Ccy IMTHPOKY NPUMEHY y Pa3iHYUTHM o0NacTuMa, yKJbydyjyhu cucTeme 3a
NOAPIIKY OMIyYuBamy, M300p mobaBibada, NpOLEHY pPU3HKa, MEAMIMHCKY [IHjarHOCTHKY, NPENO3HABaHe
o0pasalia ¥ aHanu3y APYIITBEHUX MpeXxa.

LlenTpanHo nuTame y TEOPHjH HEOMLTYYHHUX (a3su CKyNoBa OJHOCH ce Ha obpamy mHdopMalnja ca OKJIeBameM
TIPEMEHOM oxaropapajyhux omepaunuja Hajg HEOMIYYHHUM ¢a3d eneMeHTHMa. JelaH oIl OCHOBHHX HPHCTYNa
neduHACamy TaKBUX oTlepallija 3acHHUBa ce Ha noausamy (lifting) xiracuunux onepauuja nedunucanux Hax hasu
CKYMOBHMa Ha HHUBO HECTy4HOr a3y eleMeHara. Y TOM KOHTEKCTY, OHHapHe omiepaliyje Kao IITO Cy yHH]a,
IpPeCeK U KOMIUIEMEHT, Ka0 M anre0apcku 30Hp M NMpou3Boj, AeQHHHINY ce IPUMEHOM oarosapajyhux ¢azu
‘onepalnyja Ha CBe [1apOBe BPEOHOCTH M3 JATHX HEOMTy4YHuX (aszu ejgeMeHara.

ITopen HaBeneHor, pasBujeH je M anrebapckH acleKT TeopHjeHeoMnydHux ¢asu ckymosa. IlokasaHo je na
HeoUIyyHH (asu cKymosH 1oz opeleHuM ycinoBuMa GOpMHpajy CTPYKTYPY Mpexe, Na 9aK H pe3HayHpaHe
Mmpexe. OBe anrebapcke CTPYKType NpyXajy TEOPHjCKY OCHOBY 3a ampOKCHMATHBHO 3aKJby4YHBAE H
CUCTEMATCKO JOHOUIEE ONJIyKa Yy YCIOBUMa OKJeBama. Mehytum, oHe cy pmedunucase camo 3a
CIIeUHjaIH30BaHe KJlace HEOMTYYHHX (a3 CKynoBa WM 3a creunduyHa ypehema, mTo ykasyje Ha M3BecHa
OrpaHHYEH:A y MOTJely IPHUMEHE.

Hako cy y nuteparypu npoy4aBaHu pa3fiHuHTH THIIOBH (a3H CKyIIOBa U pejauyja ca BpeAHOCTHMA Y Mpe)kaMa,
Behuna nocrojehux npucrymna GpopMynHcana je y OKBHpY KIaCHUHHX PE3HIYHPAHUX MpeXa UIu ApyTrux GHKCHHX
anre6apcKux CTPYKTYpa, IIPH YEMY j€ HEH3BECHOCT OOMYHO IPEICTABIbEHA jEJHUM CTENEHOM HPHIIANHOCTH.
Hacympor ToMme, nndopmannje ca okiepameM IOApasyMeBajy CKymoBe MOryhux BpeIHOCTH, IITO MPHPOIHO
3axTeBa aJieKBaTaH aire0apCKW OKBHp, KOjH MOxe Ja oOpajy TakBe BHILEBPeJHOCHe WH(OpMauuje, IOK
HCTOBPEMEHO OMoryhapa aHanu3y peJlalldjCKHX HejelHauynHa M jefHadmHa. To Hac je MOTHBHCANO 1a Kao
OCHOBHY CTPYKTYpY NMPHIaAHOCTH pa3MaTpamMo KBaHTalle NOICKYIIOBa OJIyrpyIe, Oyayhu 1a OHM NpeacTaBsbajy
NpUpPOZIaH OKBHP 3a MPOLIMPEHE (asu peNalujcKuX METoJa Ha KOHTEKCT HeOUyyHux (asu penanmja, y3
OuyBam€ CBOJCTBA pe3u/IvaIlyje.

[Ipeamer ncTpaxuBaiba OBEe NHMCEPTAlHjH jecTe yBOheme M aHaIH3a HOBOI anreGapckOr OKBHpA y TEOPHjH
HeoJnyyHuX (asu ckymoBa. OBaj OKBMp 3aCHMBAa C¢ Ha KBaHT&ly IIOJACKYyNoOBa NONyrpynme ¥ omoryhasa
NPOIIMPEHe KIACHYHHX U (a3sH pellalMjCKuX CBOjCTaBa Ha KOHTEKCT HEOMTy4HHMX (asu penanuja. Jeman ox
IIEHTPaJHUX acleKaTa KCTPaXHBama jecTe KapakTepH3alhja HEOMTy4HHMX (asu peiauuja eKBHBAICHIH]e,
BUXOBHX OIrosapajyhux Kjaca M NapTHIMja, Kao M KapaKTepu3auuja KBasu-ypehemwa, ykbyuyjyhu u
KOHCTpYHCame pealiije eKBUBAJICHIHjE O AaTOr KBasH-ypehema.

Hopen Tora, uctpaxupame 00yxBaTa IpOyYaBamke CHCTEMA Heje[HAYHHA U JeJHAYHHA HEOTYYHHUX (a3u
penaumja, i€ jeaHa CTpaHa CaapKH KOMIIO3HIM]y HEIIO3HATOT HEOATyYHOT (a3u CKyla M JaTHX HEOIUTy4HHX
a3y penanyja HaJl KBaHTaJIOM NIAPTUTUBHOL CKYIIa, JOK APYra CTpaHa cap | HCKJbYYHBO Taj MCTH HIH HEKHA
ApYTH HEMO3HATH HeOTy4HH (asu ckyn. CrnelujaiHo, Hallle HCTPaXHBabe YKIbYyje KapaKTepU3alujy
CKYTIOBA pelllerha OBHX CHCTeMa H Pa3Boj allrOpHTaMa 3a H3pauyHaBame BHXOBUX HajBehux peniema.
lrapuie, ysenena je KapakTepusaluja cKyloBa pelierba IPeKo CHCTEMa 3aTBOPEha U OTBOPEa Y KBAHTAY
HEOJULYYHUX (a3 CKyIoBa, 3ajeJHO ca oroBapajyhum ornepaToprumMa 3aTBopera U 0TBOpea. KoHauHo,
Npe/MeT Haller HCTPAXHBAKa JeCy U ONIUTHjH HETMHEApHH CHCTEMM HejeHAYMHA U jeIHAYMHA HEOTyYHHX
dasu penauuja, Ha3BaHU HEOUTYYHH C1ab0 JIMHEAPHH CUCTEMH. Y OKBUPY HpeIoKeHOT Mojea Guhe
aHaTM3MpaHa 1Ba THIIA C)1ab0 JIMHEAPHUX CHCTEMA: XOMOIeHH, Koju 06yXBarajy camo HeollyuHe dasn




pellalije Ha JeAHOM CKyIy, H XeTE€POTeHH, CaCTaB/beHH O HEOUTYYHHX (asy penanyja Ha JBa MOTEHIIH]aTHO
pazIu4uTa CKyma.

2. Aim of scientific research (g0 500 peww
Research in this area has several important objectives.

‘The main objective of this research is the introduction and analysis of a new algebraic framework for hesitant
fuzzy sets, based on the power set quantale of a semigroup. Within the proposed framework, the objective is to
develop a general theoretical setting that enables the extension of classical and fuzzy relational methods within
the HFS theory, while preserving the residuation property.

In particular, the research will focus on:
o the characterization of hesitant fuzzy equivalence relations, including the corresponding equivalence
classes and partitions of the set,

the characterization of hesitant fuzzy quasi-orders,

the construction of a hesitant fuzzy equivalence relation starting from a given hesitant fuzzy quasi-order,
the study of systems of inequalities and equations with one or two unknown hesitant fuzzy sets,

the study of systems of inequalities and equations with one or two unknown hesitant fuzzy relations,

the development of algorithms for determining the greatest solutions of the aforementioned systems of
inequalities and equations.

‘The focus of the research is to establish a theoretically consistent and computationally efficient algebraic
framework that enables further analysis of hesitant fuzzy systems of relation inequalities and equations, as well.
as to develop concrete procedures for solving these systems within the proposed framework.

{17 HaydHOT UCTpaXHBAHA
HcTpaxuBame y 0B0Oj 00,1aCTH MMa HEKOJIHUKO BKHHUX I[HIBEBA.

OcHOBHH LMJb OBOT MCTPaXHMBAMa jecTe yBohere H aHajlk3a HOBOT areGapcKor OKBHpA 3a HeolnyuHe dhasu
CKYIIOBE, 3aCHOBAHOT Ha KBaHTally IIOJCKYIIOBa MOJyrpyne. Y OKBUPY NPEJIOXKEHOT OKBHPA, IH/b j€ Pa3sBUTH
ONIITY TEOPHJCKY MOCTaBKy Koja omoryhapa IpolHperme KIaCHYHHX K (asH pelalijCKuX MeTona Y OKBHPY
TEOpHj€ HEOUTyYHUX (ha3u CKYNOBa, y3 0UYBaHkE CBOjCTBA Pe3uayalHje.

TlocebHo, ucTpaxuBame he ce yCMepuTH Ha:

® KapakTepusalWjy HeoMIyuyHHX ¢a3sH penanuja eKBHBalleHIWje, yKibydyjyhu oxarosapajyhe kiace
€KBHBAJICHLIMje U NApTHLHjE CKYTa,

e KapaKTepu3alujy HEOTy4yHHX (a3u KBazu-ypehema,

® KOHCTPYKLH]y HeomnyyHe a3y peiarnuje eKBUBaNeHUHMje mofazehu ox JaTor HeoTyyHor (Gasn KBasH-
ypehema,

® u3yyaBame CUCTEMA HEjE/IHAYHMHA U jeJIHAYMHA ca jeJHUM WM JiBa HETIO3HATa Heo UtyyHa (asu cKyna,
M3y4aBare CUCTEMA HEjeIHAUYNHA M jeTHAYMHA Ca JeTHOM MU JBE HeNO3HATe HeoUlyuHe a3y pernalHje,

® pa3BOj aNroOpHTaMa 3a H3pavyyHaBame HajBeNHX pelerba HaBeIeHHX CUCTEMa HEjeIHauHHAa M je{HauHHa.

@oKyc MCTpaXkMBama j€ Ha YCIOCTaBJbamy TEOPHjCKH KOH3HCTEHTHOT H PavyyHCKH e(HKACHOT anre6apckor
OKBHpa KOjH oMoryhaBa [iajby aHAIH3y HEeOUIyHHHX (asH pesalujCKux CHCTEMA HejeJHAYHHA M je[HAYMHA, Kao
¥ pa3B0Oj KOHKPETHHX NOCTYTIAKA 32 PElIaBambe OBHX CHCTEMA Y OKBUDY NPEJIOKEHOT IPHCTYA.

3. Expected results of scientific research io 200 peu - ‘ s

1t is expected that the research will result in the introduction of a new algebraic framework for hesitant fuzzy sets,
based on the power set quantale of a semigroup, which enables the generalization and systematization of existing
approaches in fuzzy set theory and hesitant fuzzy set theory.

Most of the expected results of the proposed doctoral dissertation have already been obtained and the realization
of other results is expected by the end of the dissertation. Some of the results were accepted for publication in the
M21 journal. The second part of the results has been prepared and submitted for publication in the M21a journal
(categorization for mathematics), and the part is in preparation.
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‘O‘ICKI/IBaHH PE3yITaTH HAyYHOT HCTPaXXHBamka

Ouexyje ce 1a hie ucTpaxuBame PE€3yITHPaTH YBOhEH-eM HOBOT aNreGapckor OKBHpa 3a Heo Ty He (asu CKYTIOBE
34CHOBAHOI' Ha KBaHTaly MHOJACKYNOBAa NOJNYIPyne, koju omoryhaBa renepammsanujy u CHCTeMaTu3alujy
nocrojehux npucryna y Teopuju $hasu 1 HeoUTyIHHX ¢a3u ckynosa. '

Behuna ouekuBanmx pesynTata Hpeanoxene AOKTOpCKe aucepTauuje Beh je nobujeHa M [0 3aBpiueTKa
AHCEpTallhje O4eKyje Ce H peau3anuja Apyrux pesyirara. Jeaan aeo pesynrara npuxsaheH je 3a 06jaBpuBame
y yaconucy kareropuje M21. JIpyru feo pesynrata npHIpeMIbeH je ¥ nonHeT 3a myGnMKOBame Yy 4aconucy
KaTeprje M21a (kaTeropusanmja 3a MaTeMaruKy), a 1e0 je y npunpemm.

4. Applied scientific methods (00 300 pewry - »
The starting point is the method of axiomatic construction of new algebraic structures, in which hesitant fuzzy
sets and the corresponding operations over them are introduced and formally defined within a quantale structure.

The method of algebraic abstraction and generalization is employed, by which classical results from fuzzy relation
theory are extended to the context of hesitant fuzzy theory. In this sense, properties of quantales, in particular the
residuation property, are applied in order to solve relation inequalities and equations. Within the previously
defined algebraic framework, methods from relation theory are applied.

In order to solve systems of relation inequalities and equations, constructive and algorithmic methods are used,
based on iterative procedures and the determination of maximal solutions within the given algebraic framework.
Algorithms for computing the greatest solution of relation systems are based on the application of the Knaster—
Tarski and Kleene theorems on post-fixed points of isotone functions on a complete lattice.

Logical and formal-deductive methods are also applied, by means of which the basic properties of the introduced
structures are proved. :

ITpumemeHe HayuHe MeToE

IomasHa ocHOBA je METON aKCHOMAaTCKe KOHCTPYKIMHje HOBUX anrebapcKux CTPYKTypa, IPH YEMY Ce€ YBOIE W
¢opmanuo nedumuLly HEOMTYUHH (a3U CKYNOBH M oarosapajyhe omepanmje Hax BHMAa Haj KBAHTATHOM
CTPYKTYpOM.

Kopuctu ce Meton anre6apeke ancrpakuuje u TeHepalu3alKje, KOjUM Ce KJIACHYHU Pe3yITaTH 13 TeopHje pa3u
penaiuja npommpyjy Ha Teopujy HeoyaHHX (ash cKynosa. Y ToMm CMHCNYy HIPUMEIbY]y CE€ CBOjCTBA KBaHTAJa,
TNOCEOHO CBOjCTBO pE3H/Ivallije, ¥ LHIbY pelllaBamba PeNalijcKux HeJe/IHAYMHA U jeHauuHA. Y OKBHPY TaKo
AeuHrCcaHOr anre6apcKor OKPyXKera, MPUMERY]y ce METOIe TEOpHUje penaIHja.

Y by peluaBarma CHCTEMa PelallijcKUX HejeIHAYMHA U jeiHAYMHA KOPHUCTE C€ KOHCTPYKTUBHE H aJITOPUTAMCKE
METOJE, 3aCHOBAHE HAa MTCPATHBHUM TIOCTYNIMMA M O/IpehHBalhy MAKCHMATHHX PelIena y aTOM anreGapckoM
OKDYXemby. AJNTOPUTMH 3a padyHame HajBeher pelema pelalMjcKUX CHCTeMa 3aCHOBAHH CYy Ha NpUMEHH
Teopema Kuacrep-Tapckor u Kiunnja o nocT-pHKCHHM TaukaMa H30TOHE (yHKIMje Ha KOMILIETHO] MpEXH.

Taxobe ce npumemyjy MeTonu Jloruuke u ¢opmanHo-neayKTHBHE aHANH3E, KOjHMA CE JIOKa3yjy OCHOBHA CBOjCTBa
YBEJIEHUX CTPYKTypa.
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 KPATKO OBPA3JIOXKEIBE TEME (6 100 pevie) o

Ha CHFJiCCK(;M Je3m<y

The proposed PhD thesis introduces a new algebraic framework for modelling hesitant fuzzy sets based on the
power set quantale of a semigroup, thereby extending classical fuzzy relational theory to the hesitant fuzzy setting.
Within this framework, we characterize equivalence relations and quasi-orders, analyze systems of relation
inequalities and equations, and develop algorithms for computing their greatest solutions.

‘Ha cpricKoM jesuky:

IIpenyioxena TOKTOpCKa JUCEpTalMja yBOIH HOBY anrebapcKyl OKBUP 3@ MOJIETIOBARE HEOTYyIHHX a3y CKyIoBa
KOJH je 3aCHOBaH Ha KBaHTally MOJCKyINoBa noxyrpyne. TuMme ce kiracuyHa Teopuja $hasu pelauyuja npoImupyje
Ha Heojty4se ¢asu penaumje. Y OKBHpY OBOT TIPHCTYNA, JIajeMO KapaKTepH3alHujy pelanuja CKBHBAICHLIHjE U
KBasy-ypehema, aHaIu3upaMo CHCTEME PEJNAlMjCKUX Heje[HayMHa M jeJHAYWHA, M Pa3sBHjaMo alropuTMe 3a

U3pavyHaBame BHXOBHUX HajBehuX peinersa.

V33AXTEB IIPHJIAKEM:

YBEPEIbE O MONIOKEHHM UCTIUTHMA Ha JIOKTOPCKHM CTY/1jaMa Wi OBEPCHY KOMH]y JHILIOME O CTCHCHOM Hay'4HOM Ha3HBY MarkcTpa Hayka '

*  komyje PanoBa, 0IHOCHO 210Ka3 J1a Cy panoBH npuxsahehH 3a o0jasbuBame
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Thesis Synopsis

Subject of scientific research

Fuzzy set theory was introduced by Lotfi A. Zadeh, as a mathematical framework for
modeling uncertainty, vagueness, and imprecision. Building on this foundational work, fuzzy
set theory has evolved into a complex scientific discipline with numerous extensions aimed at
modeling different types of uncertainty more precisely. Classical fuzzy sets represent
uncertainty by assigning each element a single membership degree from the interval [0,1].
Although this approach has proven effective in many applications, it can be limited in situations
where it is not possible to determine a unique membership value due to incomplete information,
cognitive limitations, or conflicting assessments.

To address this limitation, Torra introduced hesitant fuzzy sets (HFSs) as a natural
generalization of fuzzy sets that explicitly accounts for hesitation in membership assessment.
Within the HFS framework, the membership degree of an element is expressed as a set of
possible values from the interval [0,1], called a hesitant fuzzy element, allowing the
simultaneous consideration of multiple alternative membership values. This approach is
particularly well suited to modeling human judgments, where hesitation arises from
uncertainty, lack of confidence, or disagreement among experts.

Hesitant fuzzy sets have been successfully applied in a wide range of domains,
including decision support systems, supplier selection, risk assessment, medical diagnosis,
pattern recognition, and social network analysis.

A central issue in the theory of hesitant fuzzy sets is the handling of hesitant information
through appropriate operations on hesitant fuzzy elements. One of the foundational approaches
to defining operations on HFSs is based on lifting classical fuzzy set operations to hesitant
fuzzy elements. In this framework, binary operations such as union, intersection and



complement, as well as algebraic sum and product, are defined by applying the corresponding
fuzzy operation to every pair of values across the relevant hesitant fuzzy elements.

In addition, the algebraic aspect of HFS theory has also been developed. It has been
shown that, under certain conditions, hesitant fuzzy sets admit a lattice structure and even
residuated lattices. These algebraic structures provide a theoretical foundation for approximate
reasoning and systematic decision-making under hesitation. However, they are defined only
for specialized classes of hesitant fuzzy sets or for specific orderings, which indicates certain
limitations in terms of applicability.

Although different types of lattice-valued fuzzy sets and relations have been studied in
the literature, most existing approaches are formulated within classical residuated lattices or
other fixed algebraic structures, where uncertainty is typically represented by a single
membership degree. In contrast, hesitant information involves sets of possible values, which
requires an algebraic framework that can naturally handle such multi-valued information while
 still supporting the study of relation inequalities and equations. This motivates the use of power

set quantales as the underlying membership structure, since they provide a natural setting for
extending fuzzy relational methods to the hesitant context, while preserving the residuation

property.

The subject of this dissertation is the introduction and analysis of a new algebraic
framework within HFS theory. The framework is based on the power set quantale of a
semigroup and enables the extension of classical and fuzzy relational properties to the hesitant
fuzzy context. One of the central aspects of the research is the characterization of hesitant fuzzy
equivalence relations, their corresponding classes and partitions, as well as the characterization
of quasi-orders, including the construction of an equivalence relation from a given quasi-order.

Further, the research includes the study of systems of hesitant fuzzy relation inequalities
and equations, with one side containing the composition of an unknown hesitant fuzzy set and
given hesitant fuzzy relations over a power set quantale, while the other side contains only the
same unknown hesitant fuzzy set or another one. In particular, our research includes the
characterization of solution sets of these systems and the development of algorithms for
computing their greatest solutions. Moreover, the characterization of solution sets has been
introduced, in terms of closure and opening systems in the quantale of hesitant fuzzy sets,
together with the corresponding closure and opening operators. Finally, the subjects of our
investigation have been more general non-linear systems of hesitant fuzzy relation inequalities
and equations, called hesitant weakly linear systems. Two types of weakly linear systems will
be analyzed within the proposed framework: homogeneous which include only fuzzy relations
on a single set, and heterogeneous one composed of fuzzy relations on two possible different
sets.

Aim of scientific research

Research in this area has several important objectives.

The main objective of this research is the introduction and analysis of a new algebraic
framework for hesitant fuzzy sets, based on the power set quantale of a semigroup. Within the
proposed framework, the objective is to develop a general theoretical setting that enables the



extension of classical and fuzzy relational methods within the HFS theory, while preserving
the residuation property.

In particular, the research will focus on:

e the characterization of hesitant fuzzy equivalence relations, including the
corresponding equivalence classes and partitions of the set,
the characterization of hesitant fuzzy quasi-orders,

e the construction of a hesitant fuzzy equivalence relation starting from a given hesitant
fuzzy quasi-order,

e the study of systems of inequalities and equations with one or two unknown hesitant
fuzzy sets,

e the study of systems of inequalities and equations with one or two unknown hesitant
fuzzy relations,

e the development of algorithms for determining the greatest solutions of the
aforementioned systems of inequalities and equations.

The focus of the research is to establish a theoretically consistent and computationally
efficient algebraic framework that enables further analysis of hesitant fuzzy systems of relation
inequalities and equations, as well as to develop concrete procedures for solving these systems
within the proposed framework.

Expected results of scientific research

It is expected that the research will result in the introduction of a new algebraic
framework for hesitant fuzzy sets, based on the power set quantale of a semigroup, which
enables the generalization and systematization of existing approaches in fuzzy set theory and
hesitant fuzzy set theory.

Most of the expected results of the proposed doctoral dissertation have already been
obtained and the realization of other results is expected by the end of the dissertation. Some of
the results were accepted for publication in the M21 journal. The second part of the results has
been prepared and submitted for publication in the M2la journal (categorization for
mathematics), and the part is in preparation.

Applied scientific methods

The starting point is the method of axiomatic construction of new algebraic structures,
in which hesitant fuzzy sets and the corresponding operations over them are introduced and
formally defined within a quantale structure.

The method of algebraic abstraction and generalization is employed, by which classical
results from fuzzy relation theory are extended to the context of hesitant fuzzy theory. In this
sense, properties of quantales, in particular the residuation property, are applied in order to
solve relation inequalities and equations. Within the previously defined algebraic framework,
methods from relation theory are applied.

In order to solve systems of relation inequalities and equations, constructive and
algorithmic methods are used, based on iterative procedures and the determination of



maximal solutions within the given algebraic framework. Algorithms for computing the
greatest solution of relation systems are based on the application of the Knaster—Tarski and
Kleene theorems on post-fixed points of isotone functions on a complete lattice.

Logical and formal-deductive methods are also applied, by means of which the basic
properties of the introduced structures are proved.
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Cunoncuc tese

IIpeamer HayYHOT HCTPaKMBakbha

Teopujy ¢asu cxymosa yseo je Lotfi A. Zadeh, xao MaremaTuuku OKBHp 32
MOJIENIOBAkh€ HEHU3BECHOCTH, HeoiapeheHoctHn wu HenmpeumsHocTH. Ilonasehu onx oBor
ynnamentanHor pasma, TeopHja asH CKymoBa €BONyHpala je y KOMIUIEKCHY HaydHy
JIMCUHUNJKMHY ca OpOJHMM MPOLIMPEhbHMa DPa3BHjEeHMM paid INpPEH3HHjer MOIENI0Baa
pasIMYMTHX BH;10Ba HeusBecHOCTH. Kiacuunu ¢a3m cKymoBH MOJENYjy HEU3BECHOCT TaKO
IITO CBAKOM €JIEMEHTY NPUAPYXYjY jENMHCTBEH CTEIEH NMPHUIIAIHOCTH M3 uHTepBana [0,1].
Haxo ce oBaj mpucTyn nokasao epuKacHHM y OpOjHUM IIpHMeHaMa, OH MOXe GHTH OrpaHH4eH
y CHTyauujaMa y Kojuma Huje Moryhe oipequTH jeJUHCTBEHY BPEHOCT CTETIEHA IPUITaAHOCTH
yCIIel HENOTIYHHX HH(pOpMalKja, KOTHUTHBHAX OTrpaHUYerba UM IPOTHBPEYHUX POIEHA.

Y miby npesasuiaxemha 0BOI OTrpaHHYera, Torra je yBeo HeomnyuHe $a3u cCKymose
(HOC) xao nmpupoany resepanusannjy Gpas CKynoBa, KOju eKCILTHIIHTHO MOJEILY]Y OKJICBAmhe
NPH TIPOIIEHH CTENEHA NPUIAJHOCTH. Y OKBUPY TE€OPHje HEOJUTyYHHX (hasu CKYIOBa, CTEIEH
NPUIIATHOCTH €JIEMEHTa MPEACTaBILEH J€ CKYIIOM MOryhux BpeaHocTH u3 uHTepBaia [0,1],
KOJH Ce Ha3uBa HeoMtydHH a3y enemeHT. TuMe ce oMoryhasa HCTOBpeMeHO pasMaTparbe
BULIE aITEPHATHBHUX BPEJHOCTH CTelleHa NpHNaaHocTH. OBaj NpHCTYN MOCeGHO je IorogaH
32 MOJENIOBak-€ JbYJACKHX IIPOIIEHA, Y KOjUMa ce OKJIEBAME jaBJba YCIIEJ] HEM3BECHOCTH,
HEJIOCTaTKa CaMOIOy3/iarha HiIH HecarjlaCHOCTH Meljy excrnepTuMa.

Heonnyuny ¢asm cKynoBH HalllId Cy IIHPOKY MPHUMEHY Y paslM4YMTHM 00JacTHMa,
YyKJbyuyjyhu cHCTeMe 3a NOIPHIKY OMIydYHBamy, M300p 00aB/baya, TpPOIEHY PH3HKA,
MEJIMIMHCKY J1jarHOCTHKY, NpEHo3HaBambe obpa3alla H aHAIH3Y APYLITBEHHX MPEXa.



L{eHTpanHO NHTame y TEOPHjH HEOMTYyYHHX (a3H CKyIloBa OAZHOCH Ce Ha obpamy
uH(opMalHja ca OKJIEBaKkEM NPHMEHOM OAroBapajyhnx omepalja Hag HeOMTYyYHHM Qasu
eneMeHTUMa. JeqaH o7 OCHOBHHX IPUCTYyNa NeduHHUCcaby TaKBHX OlEpalldja 3acHHMBa CE Ha
nogusamwy (lifting) ximacmunux oneparuja nedunucannx Hax (asd CKyNoBHMa Ha HHBO
HEOMTy4HOr a3y enemeHara. Y TOM KOHTEKCTy, OMHapHe onepanuje Kao IITO Cy yHHja,
IpEeCeK M KOMIUIEMEHT, Kao M anrebapckd 30Mp M NpoM3BOI, AChHHHHUIIY CE€ NMPHMEHOM
oxrosapajyhux ¢aszu omepandja Ha CBe IapoOBE BPEJHOCTH W3 JaTHX HEOUTYYHHX (asu
eJleMeHaTa.

ITopen naBenmeHor, pasBHjeH je M anre6apcKu acmeKT TEOPHjeHEOMTydHHX ¢asu
ckynosa. IToxasano je na HeoTydHH (a3 CKYIOBH N0 oApeleHuM ycioBuMa GopMupajy
CTPYKTYPY MpeiKe, na 9ak M pe3uayupaHe Mmpexe. OBe anrebapcke CTPyKType Npyxajy
TEOPHJCKY OCHOBY 3a alpOKCHMATHBHO 3aK/bYYHBAH€ U CHCTEMATCKO AOHOLIEH:E OANTyKa y
ycloBMMa OKJIeBama. MehytuMm, oHe cy neduHHcaHe camo 3a CHeUHjaaHM30BaHE Kiace
HeoJuyuyHHX (asu cKymoBa MM 3a crenuduyHa ypehewa, WITO ykasyje Ha HM3BeCHA
OrpaHyuena y Morjieay NpuMeEHe.

Waxo cy y IMTepaTypH poy4aBaHM Pa3IMYHTH TUMOBH (a3y CKyIoBa M penanuja ca
BpEJIHOCTUMA Yy Mpexama, BehuHa moctojehux mpuctyma dopmynmucana je y OKBUpY
KJIACHYHUX PE3UTYHPAHUX MPEXa M IPyruX QUKCHUX anrebapcKux CTPYKTYpa, [IpH 4eMy je
HEM3BECHOCT OOHMYHO NpEACTaBbEHA jeJHHM CTEeHOM mnpHnaxHoctd. Hacympor Tome,
vH(popMaIUje ca OKIIEBameM MOJpa3yMeBajy CKyNoBe MOTYhHX BpeOHOCTH, IITO HPHUPOIHO
3axTeBa ajleKBaraH anre0apcku OKBHP, KOJH MOXe Ja oOpany TakBe BHUIEBPEHOCHE
undopmariyje, 0K HICToBpeMeHO oMoryhaBa aHaNu3y pesialMjCKuX HejeJHAUMBA | je/THAYHNHA.
To Hac je MOTHBHCANO 71a Ka0 OCHOBHY CTPYKTYpPY NPHIAIHOCTH pa3sMaTpaMoO KBaHTaJIe
HOJICKYIIOBa Ioyrpyme, 6yayhu na oHM NpeAcTaBibajy NPHPOJaH OKBHP 3a NpolIUpene (Gasu
peNanujCcKuX METOJa Ha KOHTEKCT HEONTydyHHX (hasd penanuja, y3 odyBame CBOjCTBA
pe3unyaimje.

IIpenMer HCTpaXkuBama OBe TUCEPTALM]H jecTe yBOlerbe M aHaIM3a HOBOT anrebapcKor
OKBHpa Yy TEOpPHMjH HeOMIyyHuX ¢asu ckymoBa. OBaj OKBHp 3aCHMBA Ce€ Ha KBaHTay
HOJICKYIIOBA MOJIyrpyIie ¥ oMoryhasa mpoumpere KJIaCHYHAX U a3y penanujcKux cBojcTaBa
Ha KOHTEKCT HEeOUlyYHUX (asu penanuja. JenaH ol UEHTpaHUX acleKara HCTPaKHBamba jecTe
KapakTepu3aliyja HeoATydHuX BasH pelaliyja eKBUBAICHIM]je, BUXOBUX OroBapajyhux xiaca
¥ [IapTUIHMja, Ka0 U KapakTepH3alluja KBasu-ypehema, yKibydyjylin 1 KOHCTpyHCame pelalije
€XBUBAJICHIIM]€ O AaTOr KBasu-ypehema.

[Topen Tora, uCTpaxKMBame 00yXBaTa [POy4aBahe CHCTEMa HejeIHaYMHAa U jeTHauMHA
HEOJULYYHUX (asu penanmja, IAe jeaHa CTpaHa CaapKi KOMITO3HIH]Y HETO3HATOT HEOTYYHOT
¢asu ckyna u natux HeoAMy4yHHX (a3 pejlaudja HaJ KBAHTAJIOM MAPTMTUBHOT CKYNA, JOK
Apyra CTpaHa ca,1p>u UCKJbYYUBO Ta) HCTH WJIH HEKH JPYTH HETIO3HATH HEOIYYHH (as3H CKYIL.
Crenyjanso, Hallle HCTpaXKMBa:E YKIbY4yje KapakTepu3alijy CKyIoBa pelliea OBUX CHCTEMA
¥ Pa3BOj aropuTaMa 3a H3pauyyHaBame HHXOBHX HajBehux pemema. IlltaBmie, yBesneHa je
KapaKTepu3alMja CKyNoBa pellerma IPeKO CHCTEMa 3aTBOpEa M OTBOPEHa y KBaHTANy
HeoJUTy4HuX (azu CKynoBa, 3aje/JHO ca OArosapajyhum oneparopuma 3aTBOpemba H OTBOPEHaA.
KonauHo, nmpeaMeT Hanier HCTpaXXuBama jecy U OIIITHjU HEMHEAPHH CHCTEMH HejeJHaYHHA
¥ jelHaYMHa HEOMTYYHUX (a3u penanuja, Ha3BaHM HEOTy4HM CIabo JIUHEapHH cUcTeMH. Y
OKBHPY MpEIOKEHOr Moaena 6uhe amanusupaHa aBa THIA cllabo JMHEapHMX CHCTEMA:



XOMOT€HH, KOju 06yxBaTajy caMo HeoanyuHe a3y pelialuje Ha jeJHOM CKYILy, i XeTepOTeHH,
CacTaBJbEHM O/l HEOIyUHHX (asH pelanyja Ha JBa IOTCHIMjaJIHO Pa3/IiYMTa CKYyIIa.

I{u/b HAYYHOT HCTpaKHBaAKLA

HcrpaxuBame y 0BOj 067aCTH HMa HEKOJIMKO BaXKHUX 1[MJbEBA.

OcHOBHM 1IHJb OBOT HCTpaXHBama jecTe yBohjele W aHaim3a HOBOT aurebapckor
OKBHpa 32 HEOJUIyYHe (asu CKyrnoBe, 3aCHOBAHOT Ha KBaHTAy NOJACKYIIOBA IOJyrpyne. Y
OKBHPY NPEATOKEHOI OKBHPA, UJb € Pa3BUTH ONILITY TEOPHjCKY NOCTaBKY Koja omoryhasa
NpOILIMpekhe KIACHYHUX M (asH penanujCKiX METoJa y OKBHPY TEOpHje HEOMTYyuHHX (asu
CKYIIOBa, y3 OYYBambhe CBOjCTBA Pe3uayalHje.

IocebHo, ucTpaxkuBame he ce ycMepHTH Ha:

® KapaKTepusalMjy HEOMNy4yHHX (asH penamyja eKBHBAICHIHWje, yKbydyjyhu
oaropapajyhe Kiace eKBHBaICHIIHje U MAPTHIH]je CKYyIIa,
KapaKkTepH3alHujy HeOUTydHHX ¢a3u KBa3u-ypehema,
e KOHCTPYKLIHM]y HeoJiyuHe a3 penauuje eKBHBaleHUMje monazehnm ox maror
HEOJUTyyHOT ¢a3u KBazu-ypehema,
® M3yyYyaBame CUCTEMa HEjeJHAYHHA W jeJHA4YWHA Ca jeJHMM MJM JBa HEIO3HaTa
HeoJUTyyHa ¢as3u cKyIa,
® y3y4yaBame CHCTEMa HEjeAHAUYMHA M jeHA4YWHA ca jeJHOM MJM [BE HEIO3HATe
HeouTy4He ¢as3u penauuje,
® pa3Boj anropuTaMa 3a H3padyHaBame HajBehMx pellema HaBEJCHHUX CHCTEMA
HEjelHaUMHA ¥ jeJHAaYMHA.
®oKyc HCTpaXHBamba je Ha YCIIOCTaBJbalby TEOPHjCKM KOH3UCTEHTHOI M PauyHCKH
epukacHor anrebapckor OKBHpa KoOju omoryhaBa najby aHanusy HeoMTydyHHX (asu
penanMjexux cucTeMa HejefHayMHA M jeJHAYHHA, KO0 M Pa3Boj KOHKPETHMX INOCTYyNaka 3a
pelllaBame OBUX CHCTEMA Yy OKBHPY NPEUI0KEHOT IPHUCTYIIA.

O4exkHBaHH Pe3yJITATH HAYYHOT HCTPAKHBAKA

Ouexyje ce na he ucTpaxkuBame pe3y ITHpaTH yBoljereM HOBOT are6apckor OKBHpa 3a
HEoUTy4He (ha3u CKyIoBE 3aCHOBAHOT Ha KBAHTAJly IOJACKYIIOBA MOJYIPYyIle, KOji oMoryhasa
reHepau3alijy ¥ CHCTEMATH3alujy MOcTojellux MPUCTYNa y TeopHju (Gasu W HeoJUTy4HHX
¢azu ckymosa.

Behuna ouekuBanux pesynrara npeanoxeHe J0KTopcke aucepranyje seh je nobujena
M JI0 3aBpIUETKA AMCEpTallkje OdYeKyje ce M peand3aiuja ApYrux pesyirara. JemaH Jieo
pesynrara npuxsaheH je 3a 06jaB/buBarme y yaconucy kareropuje M21. Ilpyru neo pesynrara
IPHIPEMIbEH j€ M TIOJHET 3a MyOJIHKOBabe y 4acomucy Karepuje M21a (kateropmsanuja 3a
MaTeMaTHKYy), a €0 j& Y IPUIIPEMH.

Hpﬂ MEmeHe HAYYHEe MEeToae

IlomaszHa OCHOBA je METO aKCHOMATCKE KOHCTPYKIIMje HOBHX airebapcKuX cTpyKTypa,
Ipu deMy ce yBoje W (opManHo AeMHMITY Xe3UTaHT a3k CKynoBu M oxaroapajyhe
onepanyje HaJl ’bHMa HaJl KBAHTATHOM CTPYKTYPOM.

Kopuctu ce meton anrebapcke ancrpakiuje U reHEpaNH3allfje, KOjUM ce KIaCHIHH
pesynTaTyu u3 Teopuje gpasu penanuja MpoUIHPYjy Ha KOHTEKCT XE3UTaHT a3y TeopHje. Y ToM



CMHCITy IPEMEIbY]Y CE CBOjCTBa KBAHTAJIA, ITOCEOHO CBOjCTBO pe3uayallije, y UMby pelaBamba
pealliOHMX HejefHaYMHa M jeJHauyWHa. Y OKBHpPY Tako JedHMHHUCAHOT ajireGapckor
OKPYX€Ha, IPEMEY]Y CE METOJIe TEOPHj€ penalinja.

Y Wby pellaBama CHCTEMa peJlallHOHMX HejelHayuHa U jeJHAYMHA KOPHCTE Ce
KOHCTPYKTMBHE M QITOPHTAMCKE METOJe, 3aCHOBaHE Ha HTEPAaTHBHHAM IOCTYIIHMMA H
onpehuBamy MaKCHMalIHHX pellera y AaToM anrebapckoM OKpyXemy. AINTrOpUTMH 3a
pauyHame Hajseher peiema pelalMOHMX CHCTEMa 3aCHOBAHM CY Ha NPMMEHHM TeopeMa
Knacrep-Tapckor u Kiuanja o nocT-GpuKCHHM Tadkama H30TOHE QyHKIMje Ha KOMILIETHO]
MPEIXKH.

Taxobe ce npumemyjy MeToau JTorudke ¥ GOpMaIHO-Ae IyKTHBHE aHAIIM3E, KOjUMa Ce
JI0Ka3yjy OCHOBHA CBOjCTBA YBEIEHHX CTPYKTYpa.
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1 INTRODUCTION 2

1 Introduction

Since the seminal work of Zadeh introducing fuzzy sets as a mathematical framework for model-
ing uncertainty, vagueness and imprecision, fuzzy set theory has evolved into a rich and diverse
field with numerous extensions designed to capture different facets of uncertainty [34]. Classical
fuzzy sets describe uncertainty by assigning to each element a single membership degree in the
unit interval [0,1]. While this representation has proven effective in many applications, it may
be overly restrictive in situations where decision-makers are unable to specify a unique mem-
bership value due to incomplete information, cognitive limitations, or conflicting evaluations.

To address this limitation, hesitant fuzzy sets (HFSs) were introduced by Torra [25] as a
natural generalization of fuzzy sets that explicitly accounts for hesitation in membership as-
sessment. In an HFS, the membership degree of an element is represented by a set of possible
values in [0, 1], called a hesitant fuzzy element, reflecting the fact that several membership de-
grees may be considered plausible. This approach is particularly suitable for modeling human
judgments, where hesitation often arises from uncertainty, lack of confidence, or disagreement
among experts. The introduction of hesitant fuzzy sets has led to extensive research on their
mathematical properties and associated tools. Various operations, aggregation operators, dis-
tance and similarity measures, and ranking methods for hesitant fuzzy elements have been
developed [29, 31]. These theoretical advances have enabled the incorporation of hesitant fuzzy
information into established methodologies, particularly in multi-criteria decision-making and
group decision-making frameworks, where hesitation and disagreement among experts are com-
mon [30]. In terms of applications, hesitant fuzzy sets have been successfully applied in a wide
range of domains, including decision support systems, supplier selection, risk assessment, med-
ical diagnosis, pattern recognition, and social network analysis [28, 32, 33].

A central issue in the theory of hesitant fuzzy sets is the handling of hesitant information
through appropriate operations on hesitant fuzzy elements. One of the foundational approaches
to defining operations on HFSs is based on lifting classical fuzzy set operations to hesitant fuzzy
elements [25, 26]. In this framework, binary operations such as union, intersection and comple-
ment, as well as algebraic sum and product, are defined by applying the corresponding fuzzy
operation to every pair of values across the relevant hesitant fuzzy elements. This lifted op-
eration methodology ensures that the resulting hesitant fuzzy element represents all possible
outcomes of combining the original hesitations, which offers high-resolution representation of
uncertainty compared to approaches that reduce hesitant information immediately via aggre-
gation. Beyond pcintwise operations, researchers have investigated the algebraic structure of
hesitant fuzzy sets, and in [14, 19], it was shown how hesitant fuzzy sets can be endowed with a
lattice structure, and even with the structure of a residuated lattice. These algebraic structures
provide a theoretical basis for approximate reasoning and systematic decision-making under hes-
itation. While lifted operations preserve all possible membership interactions, decision-making
contexts often require condensed representations of hesitant information. Aggregation operators
designed for HFSs compute representative aggregated values from a hesitant set of membership
degrees. These operators generalize classical aggregation methods to the hesitant context and
support the synthesis of multi-attribute or multi-expert information. Another line of develop-
ment involves defining ranking functions, distance measures, and similarity indices for hesitant
fuzzy elements. These tools facilitate ordering and comparison between HFEs, which is essential
when decision alternatives must be evaluated or clustered.

Although different types of lattice-valued fuzzy sets and relations have been studied in the
literature, most existing approaches are formulated within classical residuated lattices or other
fixed algebraic structures, where uncertainty is typically represented by a single membership
degree. The main flow of fuzzy relation equations is that they frequently do not have solutions
(meaning no solution exists for the given data). In contrast, hesitant fuzzy information involves
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sets of possible values, which requires an algebraic framework that can naturally handle such
multi-valued information while still supporting the study of relation inequalities and equations.
For that reason, hesitant fuzzy relation equations provide a much more flexible solution space
because the system can calculate a range of solutions when shifting from a single value to sets of
values. This motivates the use of power set quantales as the underlying membership structure,
since they provide a natural setting for extending fuzzy relational methods to the hesitant
context, while preserving the residuation property needed for solving relation inequalities and
equations.

Both approaches in [24] and in the present paper are based on the same framework and
differ from earlier approaches in the literature. Namely, the hesitant fuzzy sets we consider
here take their membership values in a monoid & = (S, *, 1,.). In other words, a hesitant fuzzy
set on X is defined as a mapping h : X — P(S) that assigns to each element z € X a set
h(z) C S of possible membership values of z. In the general case, we take & to be an arbitrary
monoid, although we always have in mind concrete interpretations in which this monoid is
the multiplicative reduct of a complete residuated lattice, where the multiplication * is used
to model strong conjunction, or where S = [0,1] and the multiplication * is a t-norm on
S. By applying the operation lifting method to the multiplication *, one obtains an operation
® on subsets of S such that (P(S),®,1s) forms a monoid with the identity 1g = {1,}. In
addition, this monoid is residuated, in the sense that there exist operations \ and / on P(S)
satisfying the residuation property given below in formula (20), and if the multiplication x* is
commutative, then there exists an operation — on P(S) satisfying the residuation property
given in (21). This well-known fact constitutes the starting point of our investigations carried
out in [24] and in the present paper, where we study the significant role of residuation in P(S)
in the development of the theory of hesitant fuzzy relations and in solving inequalities and
equations involving hesitant fuzzy sets and relations. Since residuation in P(S) is based on set-
theoretical inclusion as the ordering relation on P(S), it is natural to base the operations on
hesitant fuzzy sets on set-theoretical union and intersection, and thus P(S) is here regarded as a
unital quantale (P(S),U,N, ®,0, S, 1g). In our forthcoming research we will also consider other
operations on hesitant fuzzy sets that are more closely related to standard fuzzy operations on
the real unit interval or operations in complete residuated lattices. However, in the case where
S = [0,1] and the multiplication * is taken to be a continuous t-norm on 0, 1], we show that
even such a set-theoretical residuation on P(S) is closely related to the residual implication
corresponding to this continuous t-norm (see Remark 2.2).

The main objective of this paper is to provide characterizations of solution sets and to
develop algorithms for solving systems consisting of inequalities of the form w o B C w and
Row C w, as well as systems consisting of equations of the form wo R = w and Row = w,
where R is a given hesitant fuzzy relation, o denotes the composition of hesitant fuzzy sets and
relations, and w is an unknown hesitant fuzzy set. Such equations and inequations arise from the
study of fixed-point-type problems in fuzzy set theory, where a fuzzy set is related to its image
under a fuzzy relational operator. They were first studied in papers of E. Sanchez [22, 23], where
they were called eigen fuzzy set equations and inequalities, and their solutions were called eigen
fuzzy sets. Although many other authors later used Sanchez’s term eigen fuzzy set, the litera-
ture also features terms such as fixed points of fuzzy relational operators, invariant fuzzy sets,
eigen solutions to fuzzy relation equations, and others. Eigen fuzzy set equations generalize clas-
sical eigenvalue problems from linear algebra to the fuzzy and nonlinear setting and play a key
role in understanding the long-term behavior and structural properties of fuzzy systems. Eigen
fuzzy set inequations are often more flexible and easier to solve than equations, and they provide
important bounds for the solution sets of eigen equations. From an order-theoretic perspective,
they correspond to post-fixed points of fuzzy relational operators. Eigen fuzzy set equations
and inequalities are widely used in medical diagnosis, for identifying stable symptom-disease
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relationships, in image reconstruction, for finding invariant features, in decision making, for
evaluating the effectiveness of actions, and in other areas.

The solution set of the system of inequalities wo R; C w (¢ € I) is characterized in Theorem
4.1. The main result is that the solution set of this system is equal to the solution set of a
single inequality w o FF C w, as well as to the solution set of a single equation wo F' = w,
where F' is the least fuzzy quasi-order containing all the hesitant fuzzy relations R; (i € I). It
is also shown that the solution set of this system consists of all linear combinations of F-
aftersets. Similar results were obtained for the system R;ow C w (¢ € I)) (Theorem 4.2), as
well as for the system consisting of inequalities of both types (Theorem 4.3). In Theorem 4.7,
it is proven that the solution sets of all these systems form both closure and opening systems
in the quantale of hesitant fuzzy sets, while in Proposition 4.8 the corresponding closure and
opening operators are characterized. As a direct consequence of Proposition 4.8, an algorithm
is provided for computing the greatest solution to a system wo R; C w (¢ € I) contained in
a given hesitant fuzzy set g. Theorem 5.7 provides an algorithm for computing the greatest
solution to the system of equations w o R; = w (i € I) contained in a given hesitant fuzzy set
g, whereas Theorem 5.8 provides a different algorithm for computing the greatest solution to a
single equation w o R = w contained in g. The results presented in Section 6 provide algebraic
characterizations of the solution sets of the equations wo F' = w and F ow = w, where F'is an
arbitrary hesitant fuzzy quasi-order.

The paper is organized as follows. In Section 2, we recall basic notions and preliminary
results needed throughout the paper. Section 3 is devoted to introducing hesitant fuzzy relations
over the power set quantale and investigating their basic properties. In Section 4, hesitant
fuzzy relation inequalities, where the unknown is a hesitant fuzzy set, are defined, and the
corresponding sets of solutions are analyzed. We show that these solution sets form both
opening and closure systems, and we present an algorithm for computing the greatest solution
to a system of inequalities wo R; C w (i € I), contained in a given hesitant fuzzy set. In Section
5, we analyze hesitant fuzzy relation equations and provide a comprehensive description of their
sets of solutions. We present two algorithms: one for computing the greatest solution to the
system of hesitant fuzzy relation equations w o R; = w (i € I) and another for computing the
greatest solution to the single hesitant fuzzy equation w o K = w, each contained in a given
hesitant fuzzy set. In Section 6, we analyze families of hesitant fuzzy sets that form the solution
sets of hesitant fuzzy relation equations, where the relation is a hesitant fuzzy quasi-order.

2 Preliminaries

In this section, we present some basic notions that we use throughout the paper. The termi-
nology and fundamental concepts are based on references (2, 3, 4, 5, 9, 11]. For further details
on lattices and related structures, we refer the reader to [1, 20]. For further information about
the application of quantales, we refer to [21, 27].

2.1 Power set quantales and related structures

Throughout this work, membership values are taken from a power set quantale, which provides
a suitable algebraic framework for our setting. Recall that a lattice may be descibed either
as a partially ordered set (S, <) in which every finite subset has both the least upper bound
(supremum) and the greatest lower bound (infimum), or equivalently, as an algebraic structure
(S, V, A) equipped with join and meet operations that are commutative, associative, and satisfy
the absorption laws. Moreover, a lattice is said to be complete if every subset of S, including
infinite ones, has both a supremum and an infimum. A lattice is called bounded if it contains
the greatest element (denoted by 1) and the least element (denoted by 0).
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As a preliminary notion, recall that a semigroup is an ordered pair (S,*), where S is
a non-empty set and * is an associative binary operation on S. A monoid is an algebraic
structure (S, *,1,) in which (S, x) forms a semigroup and 1, is an identity element, satisfying
l,xa=ax1l,=aforallaes.

A (partially) ordered semigroup is a structure (S, *,<), where (S,*) is a semigroup and
(S, <) is a (partially) ordered set, such that the order is compatible with multiplication, i.e.,
for all a,b,c € S:

a<b = cxa<cxb and axc<bxc

If S additionally contains an identity element 1,, then the structure (S,x,1,,<) is called an
(ordered) monoid.

Definition 2.1. A quantale is an algebra @ = (Q,V, A, ®,0, 1) satisfying the following condi-
tions:

(Q1) (Q,V,A,0,1) is a complete lattice in which 0 is the least element and 1 is the greatest
element;

(Q2) (Q, ®) is a semigroup, which does not have to be commutative;

(Q3) for arbitrary a € Q and {b;}icr € @ the following infinite distributive laws hold:

a® (\/b:)=\(e®b), (\/b:)®a=\/(b:i®a) (1)

el el iel i€l

The binary operation ® is called the multiplication. If ® is commutative on (), then Q
is called a commutative quantale. If the semigroup (Q,®) has an identity element, that is, if
there exists an element 1y € @ such that (Q,®,1lg) is a monoid, then Q is called a unital
quantale and 1g is called the multiplicative identity of Q. If, moreover, 15 coincides with the
greatest element 1, then Q is called an integral quantale. The least element 0 is the zero of the
semigroup (@, ®), i.e., a ®0=0® a = 0 for every a € (). A commutative integral quantale is
called a complete residuated lattice.

A quantale @ admits two binary operations \ and / on its carrier Q, defined as:

a\b:\/{xEQ]a@)x b}, (2)
b/a—\/{xEQ|x®a b}, (3)

for any a,b € Q. We call a\b the right residual of b by a, and b/a the left residual of b by a.
The left residual b/a is isotone in its first argument and antitone in its second argument, while
the right residual a\b is antitone in its first argument and isotone in its second argument. The
following residuation property holds:

a®b<c & a<c/b & b<d\ (4)
for each a,b,c € Q. Moreover, for all a,b, c € (), the following implications are valid:
b<c = a®b<a®c, bRa<c®a, a\b<a\c bla<c/a

If ® is a commutative operation, then the left and right residuals coincide and are denoted by
—. The operation —, called the residuum, is antitone in its first argument and isotone in its
second argument. Under this convention, the residuation property takes the following form:

a®b<c & a<sb-og (5)
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for all a,b, c € ). Furthermore, in this commutative setting, we define a new binary operation
on @), called the biresiduum, by:
a<b=(a—b)A((b—a),
and a unary operation, called negation, by:
—ag=a— 0,

for all a,b € Q.
In the case when Q is a unital quantale with the multiplicative identity 1g, then for an
arbitrary family {b; };c; C @ and any elements a, b, ¢ € @Q, the following properties hold (cf. [27]):

0—a=1, (6)
a—1=1, (7)
lg > a=a, (8)
> (b—=a)=0BRc)—a, (9)
a® (a—0b) b, (10)
(a—=b®c<a— (bc), (11)
(a=>b)®((b—-c)<(a—c), (12)
a— </\bl> = /\(a = b), (13)
iel el
(\/b,) —a= /\(bi - a), (14)
i€l icl
V(e = b) a—+<\/b> (15)
icl el
a<b = -b< a. (16)

In the sequel, we provide an example of a quantale that is presented in the papers [12, 16].
Kruml and Paseks, in [16] referred to this example as the most general example that leads to
any quantale. Example 2.1 is particularly significant, as it serves as a starting point for the
main results of the paper. '

Example 2.1. Let (S, x) be a semigroup, and let P(S) denotes the powerset of S, ordered by
the set inclusion. Then, (P(S), C) is a complete lattice. Define a multiplication operation &
on P(S) by

A®B={a*xb|a€ Aandbe B}, (17)

for all A, B € P(S). Then P(S) = (P(S5),U,N,®,H,S) forms a quantale, known as the power
set quantale of S. It is clear that P(S) is a commutative quantale if and only if (S,*) is a
commutative semigroup, and P(S) is a unital quantale if and only if (S, *) is a monoid. In the
latter case, the multiplicative identity in P(S) is 1g = {1.}, where 1, is the identity element of
the monoid (S, *). For arbitrary B,C € P(S), the right residual A\B of B by A and the left
residual B/A of B by A are respectively defined as:

A\B={reS|A®{z} C B}, (18)
B/A={zeS|{z}®2AC B}. (19)
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The following residuation property holds for every A, B,C € P(S):
ARBCC & ACC/B & BCA\C (20)

If (S, %) is a commutative semigroup, then P(S) is a commutative power set quantale and the
right and left residuals coincide. In that case, there is only one residuum operation denoted by
—, that is, A — B = A\B = B/A, for all A,B € P(S), and the residuation property then
becomes

A®BCC & ACB-—C, (21)
for all A, B,C € P(S). The biresiduum operation <+ is then defined by

A B=(A—- B)n(B— A), (22)

for all A, B € P(S).

Remark 2.1. It is easy to verify that A\ B is the greatest solution to the inequality AQ X C B
in P(S), and B/A is the greatest solution to the inequality X ® A C B, where X is an unknown
taking values in P(S). In other words, an alternative definition of the residuals in P(S) is

AB=|J{xeP(S)|AvX C B},
B/A=|J{XeP(S)| X2 ACB},

for all A, B € P(S). However, we stick to the original definitions (18) and (19) of the residuals
in power set quantales for the sake of simplicity.

In what follows, we introduce several specific examples of power set quantales. We start
from the unit interval S = [0, 1] equipped with a t-norm *. Then, the structure (S, %, 1) forms
a commutative monoid. By Example 2.1, it follows that the structure (P{S),U,N,®,d,S) is
a commutative unital power set quantale, where ® is defined by (17), and the unit element
is 1g = {1}. The associated residual operations, given in (18) and (19), coincide due to the
commutativity of ®, so that B\A = A/B holds for all A, B € P(S5).

The above construction can be specialized by fixing particular t-norms on S. In this way,
different subclasses of power set quantales arise:

- The Gédel power set quantale is obtained by taking a * b = min{a, b}, for every a,b € S;

- The Lukasiewicz power set quantale corresponds to a x b = max{0,a + b — 1}, for every
a,bes,;

- The product power set quantale is induced by a * b = a - b, for every a,b € S.

In the following remark, we describe certain connections between the residuum operation on
the semigroup S and the residuum operation on the power set quantale of S, in the case where
S is a semigroup with carrier set [0, 1] and multiplication given by a left-continuous t-norm on

[0,1].

Remark 2.2. Let P(S) be the power set quantale of a semigroup S. Then, for arbitrary
a,b € S, we have that

{a]\{b} ={zeS[{a}@{z} C{b}} ={zeS|axz=0b},
{t}/{a} ={zeS[{z}@{a} C{b}} ={zeS|z*xa=1b}

In other words, we have that {a}\{b} is the set of all solutions to the equation a x z = b in S,
whereas {b}/{a} is the set of all solutions to the equation z *a = bin S.
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In what follows, let S = [0,1], let * = ® be an arbitrary left-continuous t-norm on [0, 1],
and let — be the residuum operation (residual implication) on [0, 1] corresponding to ®. Since
the left-continuous t-norm ® is a commutative operation on S = [0,1], it follows that the
multiplication operation in P([0, 1]) is also commutative, and hence the left and right residuum
operations on P([0, 1]) coincide. However, in this case we will not denote this operation by —,
as noted above, but we will retain the notation \ (or /), in order to clearly distinguish it from
the residuum operation on [0, 1], for which we already use the symbol —.

As known, for arbitrary a,b € S we have that a — b is the greatest solution of the inequality
a®z < b, and according to [8, Lemma 2], if the set {a}\{b} = {b}/{a} is non-empty, i.e., if the
equation a ® T = b is solvable in [0, 1], then a — b is also the greatest solution to this equation,
that is, a — b is the greatest element of the set {a}\{b}.

If the set {a}\{b} is empty, that is, if the equation @ ® x = b is not solvable, then the
relationship between {a}\{b} and a — b is not so clear. However, if ® is a continuous t-norm,
this relationship can be made considerably clearer. Recall that a continuous t-norm ® satisfies
the divisibility condition

a®(a—b)=aAb, (23)

for all a,b € [0, 1], whose equivalent form is
b<a = (Bzel0,1])axz=0>~, (24)

for all a,b € [0, 1] (cf. [4, Theorem 2.36 and Lemma 2.90] or [5, Lemma 1.39]). Now, according
to (24) and the fact that the interval [0, 1] is linearly ordered, for arbitrary a,b € [0, 1] we have
that

<a & {a}\{p}#0 and a<bdb & {a}\{b}=0,

and therefore

1 if {a}\{b} =0,

where T X denotes the greatest element of a set X.
It is interesting to observe that for a # b, the equation a ® z = b has no solution in [0, 1] if and
only if all elements of [0, 1] are solutions to the inequality a ® x < b.

a—b= { T({a}\{b}) if {a}\{b} # 0,

An algebra § = (S,®,®,0,1) is called a semiring if (S, ®,0) is a commutative monoid,
(S,®,1) is a monoid, multiplication distributes over addition on both sides, and 0 is absorb-
ing with respect to multiplication. A left S-semimodule is a commutative monoid (M, +,0)
equipped with an external multiplication S x M — M, denoted by (A, z) — Az, called left
scalar multiplication, satisfying the following axioms for all A, u € S and all a,b € M:

(A ® p)a = A(pa), (25)
Aa +b) = da + Ab, (26)
(A& pa = da+ pa, (27)
la = q, (28)
X0 = 0a = 0. (29)

A right S-semimodule is defined analogously, where the external multiplication is a map M x
S — M, written (z,A) — zA and called right scalar multiplication, and the dual versions
of conditions (25)-(29) are required to hold. An S-bisemimodule is a commutative monoid
(M,+,0) that is simultaneously a left and a right S-semimodule, and for all A\, € S and
a € M the following is true:

(Aa)p = A(pa). (30)



2 PRELIMINARIES 9

Furthermore, if the left and right scalar multiplications coincide, i.e., if Ax = 2z, for all A € S
and a € M, then (M, +,0) is a strong S-bisemimodule.

If Q=(Q,V,A,®,0,1) is a unital quantale with the multiplicative identity 1g, then Q* =
(Q,V,®,0,1g) is a semiring, called the semiring reduct of Q. For further information on
semirings, we refer the reader to [10, 11]. A detailed study of algebras arising from Lukasiewicz’s
logic and their corresponding semiring reducts can be found in the article of Di Nola and Gerla
[18].

Let (P, <) be a partially ordered set and let ¢ : P = P be a function. The function ¢ is
said to be isotone if a < b implies ¢(a) < ¢(b) for all a,b € P. If a < ¢(a) holds for every
a € P, ¢ is called extensive; if p(a) < a, it is called intensive. A function ¢ is idempotent if it
satisfies ¢(p(a)) = ¢(a) for all a € P. A function ¢ that is isotone, extensive, and idempotent
is known as a closure operator on (P, <), and any element a € P such that ¢(a) = a is called
p-closed. Dually, an opening operator is a function that is isotone, intensive, and idempotent,
and its p-open elements are precisely those a € P for which ¢(a) = a. Additionally, an element
a € P is called a post-fixed point of ¢ if a < ¢(a).

A closure system on an arbitrary set F is a subset C of (P(F), C) that is closed under
arbitrary meets and contains £. When ¢ is a closure on P(E), its closed elements are called
the closed sets of . An opening system, also known as dual closure system is defined dually.
Hence, an opening system on an arbitrary set £ is a subset O of P(E) that is closed under
arbitrary joins and contains §). Similarly as for closure systems, when ¢ is an opening operator
on P(E), its opened elements are called the opened sets of ¢. The reader is referred to [6] for
a detailed overview of closure and opening operators, as well as closure and opening systems.

2.2 Hesitant fuzzy sets over the power set quantale

In this subsection, we consider a generalized framework for hesitant fuzzy sets in which mem-
bership values are taken from the power set quantale of an arbitrary mcnoid, following the
formulation introduced in [24]. This approach extends the well-known definitions introduced
and studied by Torra [25] and Pei and Yi [19]. The algebraic properties of quantales are used
to establish the main results presented in this paper. Throughout the paper, unless stated
otherwise, we denote this quantale by Q.

Let S = (S,%,1,) be a monoid and let @ = P(S) denote its power set. As illustrated
in Example 2.1, the algebraic structure Q = (Q,U,N, ®, 1, S), where R is the multiplication
defined by (17), is a unital quantale with the multiplicative identity 1 = {1.}. This algebraic
structure is commonly referred to as the power set quantale of S.

Definition 2.2. ([24]). Let X be a non-empty set (a universal set) and let S = (5, %, 1,) be
a monoid. Let us denote by @ = P(S) the power set of S and by @ = (Q,U,N, ®,0,S) the
corresponding power set quantale. A hesitant fuzzy set on X over Q, or simply a hesitant fuzzy
set on X, is then defined as any function A : X — Q.

Some important examples of hesitant fuzzy sets are:
1. Empty hesitant fuzzy set: hg(z) = 0, for each = € X;
2. Full hesitant fuzzy set: hg(z) =S, for each z € X.

For a hesitant fuzzy set h : X — @, each h(z) represents the membership value of z in
h. The collection of all hesitant fuzzy sets on X with membership values in the quantale @ is
denoted by QX.

Let hi,hy € QX. The equality of h; and hy is defined as the usual equality of functions,
i.e., hy = hg if and only if hy(z) = hs(z), for all z € X. The inclusion h; C hy is also defined
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pointwise: hy; C hg if and only if hy(z) C ho(z), for all z € X. Endowed with this partial
order, the structure Q(X) = (QX,U,N, hy, hs) forms a complete lattice in which hy is the least
element and hg is the greatest element, and where the meet (intersection) (),.; h; and the join
(union) (J;; s of an arbitrary family {h;}ier of hesitant fuzzy sets on X are functions from X
into @ defined by:

(Nr:) @) =Nhatz), (Jhs) @) = Pala),

iel i€l iel iel

for all z € X. As usual, we identify the structure Q(X) with the carrier set @*. We introduce
the multiplication of hesitant fuzzy sets as the binary operation ® on Q(X) as in [24]:

(h1 ® he)(z) = hi(x) Q ha(z) = {axb| a € hi(x) and b € he(z)}. (31)

Clearly, the structure (Q%, ®) forms a partially ordered semigroup, meaning that the operation
® is associative and isotone with respect to the partial order. In particular, isotonicity implies
that for all h, by, hy € Q% and all z € X:

Furthermore, for any collection of hesitant fuzzy sets {h;}ic; € QX and any g € QX, the
following infinite distributivity law holds

(Uh)2g=r®g), g&(Jh)=geh). (32)

icl el i€l icl

It follows that the structure Q(X) = (Q*,U,N, ®, hy, hs) forms a quantale. Moreover, Q(X)
is a unital power set quantale with 15 as multiplicative identity.
For arbitrary hq, hy € QX the right ®-residual hod hy of hy by hy is defined as:

(h2 & h)(2) = ha(z)\h1(z) = {c € 5| ha(z) ® ¢ € I (2)},
and the left ®-residual hyf hg of hy by hs is defined as follows:
(h1of ho)(z) = ha(z)/ha(2) = {c € S [ c® ha(z) C hu(2)},
for all x € X. These operations satisfy the residuation property, that is, for all k, ki, hy € QX:
hM®h, Ch & h  Chdhy, < hy Chidh (33)

In the case where ® is commutative, the left and right residuals coincide and we use the
following notation:

hogyhy = hQé\hl = hl&th.

The operation & is called the residuum operation. In this case, the residuation property is
expressed as:

hl K h2 Ch <& h Che ®—>h, (34)

for arbitrary hesitant fuzzy sets h,hi, hy € QX. The commutativity of ® also enables the
introduction of the biresiduum operation e», which is defined by:

(hl (@-)hg)(ﬂ?) = (hl %—)hQ)(.’L') M (hg ®—)h1)($), (35)

for all hq,hy € Q. In the commutative setting, the complement h™ of h € QX is a hesitant
fuzzy set on X, defined by h™(z) = ~(h(z)) for every z € X.
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2.3 Additional properties and operations on hesitant fuzzy sets

In this section, we introduce some notions used throughout the remainder of the paper. Observe
that the structure Q* = (Q,U, ®, ), 1) forms a semiring reduct of the complete lattice Q =
(Q,U,N,0,S). Forany X € Q and h € Q¥ we introduce the left scalar multiplication AQh € QX
and the right scalar multiplication h ® A € QX respectively, as follows:

A@h)z)=ARh(z)={axb|acXandbec h(z)},
(h@ M (z)=h(z)®X={a*b|a € h(z)and be A},

for all z € X. In the case where multiplication ® is commutative, the left and right scalar
multiplication coincide, i.e., A\® h = h® X for all z € X. Consequently, the monoid (Q%,U, hy)
forms a strong Q*bisemimodule. In this setting, the scalar multiplication refers to either the
left or right scalar multiplication, but we use the left notation (A, h) = A ® h to represent it.
The lattice Q(X) with this scalar multiplication is denoted by Qz(X) and referred to as the
O-lattice of hesitant fuzzy sets on X. In addition, we say that a hesitant fuzzy set h € Q¥ is
a linear combination of hesitant fuzzy sets h; € QX (i € I) if h can be represented as follows:

h=|JN®hs. (36)
el

A family {h;}ic; € Q¥ is referred to as a complete Q-sublattice of Qg(X) if it is closed under
scalar multiplication and arbitrary joins and meets.

Let X € Q be an arbitrary scalar and let h € Q. The right s-residual of h by A, denoted by
M\ i, and the left s-residual of h by A, denoted by h/;\, are hesitant fuzzy sets on X defined,
respectively, for all z € X:

(A\sh)(z) = N\h(z),  (RfA)(z) = h(z)/X (37)

Functions h — A\sh and h + h/;) are called respectively the right scalar residuation and the
left scalar residuation, respectively. Clearly, for all z € X, we have:

A\sh)(@) ={ce S|A@{c} Ch@)}, (WA)(x)={ceS|{c}®ACh()}.  (38)
The following residuation properties hold for all A € Q and h, b’ € Q*:
ARKW Ch & K CA\h K@ACh < K ChlA (39)
If ® is commutative, the right and left s-residuals coincide and we adopt the following notation:
A3 h=A\sh=h/[A

The following notions are inspired by their counterparts in classical fuzzy set theory (cf. [13])
and are adapted here to the hesitant fuzzy setting. Throughout the remainder of this section,
we assume that the underlying monoid S is commutative. Consequently, the power set quantale
Q of S is also commutative and admits a unique residuum operation. Giver. two hesitant fuzzy
sets hy, hy € QX, we define the following functions:

I(hy, ho) = ) ha(z) = ha(a), (40)
E(hy, hg) = () la(z) ¢ ha(a), (41)
O(hy, ha) = | h(@) ® ha(). (42)

zeX
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The resulting functions I{h;, hs), E(hi, hy) and O(hq, hy) are referred to as the hesitant im-
plication, hesitant biimplication, and hesitant multiplication, respectively. Intuitively, I(hy, ha)
measures the degree to which h; implies ha, FE(hq, hs) quantifies their mutual agreement or
similarity, and O(hy, hs) represents the mutual effect of Ay and hy, under multiplication.

Assume C is a closure system in Q(X). Let H = {h;}ier be a family of hesitant fuzzy sets
on X. The C-closure of H is defined by:

Cy = ﬂ{g €C| h; Cg, for every i € I'}. (43)

It is the least element of C containing all members of H. If H consists of a single hesitant fuzzy
set h, then its C-closure is denoted by Cj, and referred to as the C-closure of h. Moreover, it
is easy to verify that a C-closure of H = {h; };e; coincides with the C-closure C, of their union,
where h = J;¢; hi-

Analogously, let C be an opening system in Q(X). For a family H = {h;}ies of hesitant
fuzzy sets on X, the C-opening of H is defined by:

Cu=|J{geClgChi foreveryicl}. (44)

It is the greatest element of C contained in all members of H. If 2 consists of a single hesitant
fuzzy set h on X, its C-opening is denoted by C;, and called the C-opening of h. Furthermore,
the C-opening of H = {h;}icr coincides with the C-opening Cj of their intersection, where
h=(Nier hs-

If C is a closure system in Q(X), it necessarily contains the full hesitant fuzzy set hg on X.
Consequently, for every x € X, the collection {h € C | 1 C h(z)} is non-empty, as it contains
at least this maximal element. Hence, we defiine:

C.={){h€C |1z Chlz)} €C. (45)

The hesitant fuzzy set C, is the C-closure of the singleton crisp set € X and is referred to as
the principal element of C generated by x. The collection

PIC)={C, |z e X} (46)

is called the principal part of C.

Given a closure operator ¢ on the lattice Q(X), the family of all hesitant fuzzy sets h € Q%
that are fixed points of ¢, i.e., those satisfying @(h) = h, forms a closure system. Conversely,
for any closure system C C Q(X), there exists a unique closure operator ¢ such that C consists
precisely of the p-closed elements. Similarly, if ¢ is an opening operator on Q(X), then the
collection of all p-open elements forms an opening system in Q(X). Conversely, every opening
system in Q(X) arises as the set of fixed points of a unique opening operator. The concepts
related to closures and openings of fuzzy sets are thoroughly discussed by Ignjatovié et al. [13].

3 Hesitant fuzzy relations over the power set quantale

Throughout the remainder of the paper, we assume that the underlying monoid S is commu-
tative. Consequently, the power set quantale Q of S is also commutative and admits a unique
residuum operation.

In this section, we introduce hesitant fuzzy relations on the universal set X over the power
set quantale Q, following the basic definitions given by Tasié¢ et al. [24]. Formally, a hesitant
fuzzy relation R on X is defined as any function from X x X into (). Equivalently, R can be
viewed as a hesitant fuzzy set on X x X.
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The standard notions of equality, inclusion, joins, meets and ordering of hesitant fuzzy
relations are defined analogously to those for hesitant fuzzy sets. The composition of two
hesitant fuzzy relations R; and Rp on X is a hesitant fuzzy relation R; o R> on X defined by:

(Rl o RZ)(x, y) = U (Rl(xv a) & RQ(av y))a (47)
acX

for all z,y € X. Let R be a hesitant fuzzy relation on X. The inverse of R is the hesitant
fuzzy relation R~! on X such that R~'(y,z) = R(z,y) for all z,y € X. Clearly, (R™!)"' = R.
If Q is a commutative power set quantale, one can easily show that the following identity holds
for every x € X:

(ho R™Y)(z) = (Ro h)(x). (48)

The identity hesitant fuzzy relation Ax on X is defined as:

1 ifx=y,

for all z,y € X. The zero hesitant fuzzy relation 0 and the full hesitant fuzzy relation I on
X are defined by 0(z,y) = 0 and I(z,y) = hg, respectively, for all z,y € X. The set of all
hesitant fuzzy relations on X is denoted by QX*X.

For any h € QX and R € QX*X, the compositions h o R and Ro h are hesitant fuzzy sets
on X defined by:

(hoR)(z) = | h(y) ® R(y,z), (Roh)(z)= ] R(z,y) @ h(y), (50)

yeX yeX

for all z € X. The composition hy o hy of two hesitant fuzzy sets hy, hy € Q¥ is defined by:

(b1 o ha)(z) = | J ha(2) ® ha(a), (51)

zeX

for all z € X. For a hesitant fuzzy relation R on X we define the n-th power R™ of R
inductively as follows: R® = Ax and R™"! = R" o R, for each n € Ny, where Ny represents the

set of non-negative integers.
Let R, T € QX*X h,g € QX and {h;}icr C Q*. Then the following prcperties hold:

(hoR)oT =ho(RoT), (hoR)og=ho(Rog), (RoT)oh=Ro(Toh), (52)

RCT = RohCToh, hoRChoT, (53)
ho(g&)zg(ho&), (g&)oh:g(&-oh), (54)

o (h&) C Q(hoRi), (QRi) ohC Q(R,.oh), (55)
(UI he) oR= Q(hi o R), Ri (q hi) = lj(R o hy) (56)
(é hi)oRC :Q(hi oR), Ro (6 h;) C 5(3 o hy). (57)

The algebra R(X) = (Q**X,U,N, 0,0,I) forms a unital quantale in which the least element
is the zero hesitant fuzzy relation 0, the greatest element is the full hesitant fuzzy relation I,
and the identity element is the identity hesitant fuzzy relation Ax (cf. [24]). In what follows,
we identify the structure R(X) with its carrier set QX*X.
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For computaticnal purposes, if X is a finite set with n elements, then hesitant fuzzy relations
on X are represented as n X n matrices over (). Similarly, hesitant fuzzy sets on X are
represented as column vectors over Q). For hesitant fuzzy relations Ry, Ry € R(X) and hesitant
fuzzy sets hi, hy € Q(X), the composition R; o Ry corresponds to the matrix product. Similarly,
h1 o R; can be viewed as the product of a 1 X n row vector h; and an n X n matrix R;, while
Ry o hy corresponds to the product of an n x n matrix R; and an n x 1 column vector AT (the
transpose of hy). Moreover, hy o hy can be interpreted as the scalar product of vectors h; and
ha.

Let R € Q*X be a hesitant fuzzy relation on X and let b € QX be a hesitant fuzzy set on
X. The left o-residual of h by R is a hesitant fuzzy set hd R on X defined by:

(hd R)(z) = ) R(z,y) = h(y), (58)

yeX

for all z € X, and the right o-residual of h by R is a hesitant fuzzy set R} h on X defined by:

(RAR)(z) = () R(y, =) = h(y), (59)

yeX
for all z € X. Hence, the following residuation properties hold:
hoRCg&ehCgdR, RohCgs hCRAg. (60)

Ovserve that, if R is symmetric (see Section 3.1), then h ¢ R = R} h for each hesitant fuzzy
set h on X.

Additionally, let h and g be hesitant fuzzy sets on X. The left o-residual of h by g is a
hesitant fuzzy relation h ¢ g on X, defined by:

(hd g)(z,y) = g(y) = h(z), (61)

for arbitrary z,y € X. The right o-residual of h by ¢ is a hesitant fuzzy relation gy h on X,
defined by:

(g3 h)(z,y) = g9(z) = h(y), (62)

for arbitrary z,y € X. In that case, the following residuation properties hold for arbitrary
h,g € QX and R € QX*X:

goRCh& RCg\h, RogChe RChig. (63)

For arbitrary h,g € QX and R, T € QX*X, the following properties can be easily verified:

(9§ R)oRCg, Ro(Ryh)Ch, (64)
99 (URi) = ﬂ(WRi), (URi) \g = ﬂ(&-&g)- (65)

Example 3.1. Let X = {1, 22} be a universe and let Q be a Godel power set quantale, which
is commutative. Consider the hesitant fuzzy relation R on X and the hesitant fuzzy set h on
X defined as follows:

r= oy Gand]s n=lored]
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According to (58), the left residual of h by R is computed as follows:

(hd R)(z1) = (R(z1,71) = h(z1)) N (R(z1, 72) — h(z2))
= ({0.1} = {0.1,0.3}) n ({0.1,0.6} — {0.1,0.7})
={y€[0,1]|y® {0.1} € {0.1,0.3}} n{y € [0,1] | y® {0.1,0.6} C {0.1,0.7}}
~[0.1,1] N {0.1} = {0.1},

(hd R)(z2) = (R(z2, 1) = h(z1)) N (R(z2, T2) — h(22))
= ({0.1,0.6} = {0.1,0.3}) N ({0.2,1} = {0.1,0.7})
={ye[0,1]]y&{0.1,0.2} C{0.1,03}}Nn{y€[0,1] | y® {02,1} € {0.1,0.7}}
= {0.1} n {0.1} = {0.1}.

Similarly, using (59) the right residual of A by R is computed as follows:
(RyR)(z1) = (R h)(z2) = {0.1}.

Therefore, the left and right residuals of h by R coincide:

hyR=R\h= HSH] .

3.1 Hesitant fuzzy relations with specific properties

Let R be a hesitant fuzzy relation on X. We employ the standard notions of reflexivity,
symmetry, and transitivity, defined in the usual way as in the theory of lattice-valued fuzzy
relations.

In particular, a reflexive and transitive hesitant fuzzy relation on X is called a hesitant
fuzzy quasi-order on X. A reflexive, symmetric and transitive hesitant fuzzy relation on X
is called a hesitant fuzzy equivalence relation on X (or simply a hesitant fuzzy equivalence on
X). The collections of all hesitant fuzzy quasi-orders and all hesitant fuzzy equivalences on X
are denoted by F(X) and £(X), respectively. Moreover, it is well known that every reflexive
relation satisfies R C Ro R, and that reflexivity together with transitivity implies Ro R = R.

Notice that the lattice R(X) of hesitant fuzzy relations on X can be identified with the
lattice of hesitant fuzzy sets on X x X. Consequently, the notions of closure and opening
systems in R(X), as well as the corresponding C-closure and C-opening for C C QXX are
defined analogously to those for hesitant fuzzy sets.

The collection F(X) of all hesitant fuzzy quasi-orders on X, as well as the collection £(X) of
all hesitant fuzzy equivalence relations on X, form closure systems within the lattice R(X). The
closure of a family of hesitant fuzzy relations (or a single hesitant fuzzy relation) with respect
to F(X) is referred to as the hesitant fuzzy quasi-order closure, or simply the F-closure, while
the closure corresponding to £(X) is known as the fuzzy equivalence closure, or £-closure for
short. The collections of all reflexive, symmetric, and transitive fuzzy relations within R(X)
also constitute closure systems.

Accordingly, the reflezive, symmetric, and transitive closures can be defined for a single
hesitant fuzzy relation or any family of hesitant fuzzy relations. Let R € R(X) be a hesitant
fuzzy relation on X. The reflezive closure of R is the smallest reflexive hesitant fuzzy relation
R such that R C R", and it can be represented as R™ = RU A x. Furthermore, the symmetric
closure of R is the smallest symmetric hesitant fuzzy relation R® such that R C R?) i.e.,
R* = RU R™. Similarly, the transitive closure of R is the smallest transitive hesitant fuzzy
relation R such that R C R* and it holds R' = |J,cy R"- Whenever X is a finite set, the
transitive closure algorithm ends after a finite number of steps.
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Following the above steps, we can transform an arbitrary hesitant fuzzy relation R into a
reflexive, symmetric and transitive hesitant fuzzy relation. The reflezive-transitive closure RY
of an arbitrary hesitant fuzzy relation R can be expressed as:

Rf = (R =(R) =] R" (66)

n€ENy

Similarly, the reflexive-symmetric-transitive closure R of R can be expressed as:
Rt = ((R)")" = ((R*)")" = ((R*)")"- (67)

Example 3.2. To illustrate the concepts introduced above, we first consider Godel power set
quantale Q and the hesitant fuzzy relation R on X = {x1,z2, z3} with membership values in

Q, given by:
{0.1} {0.3} {0.5}
R=| {1} {02} {0.7}.
{0.8} {0.3,1} {0.5}

The reflexive closure R" of R is:

(01,1} {03} {05}
R=| {1} {021} {07
(08} {0.3,1} {051}

To obtain the reflexive-transitive closure of R, we proceed by computing the transitive closure
we will compute the transitive closure of of R" according to the following procedure:

{0.1,0.3,0.5,1} {0.1,0.2,0.3,0.5}  {0.1,0.3,0.5}
(R")? = [{0.1,0.2,0.7,1}  {0.2,0.3,0.7,1} {0.2,0.3,0.5,0.7} | .
{0.1,0.3,0.8,1} {0.2,0.3,0.5,1}  {0.3,0.5,0.7,1}

Since ((R")? o (R")?)(x1, 1) = {0.1,0.2,0.3,0.5,1} € (R")*(z1, 1), it follows that (R")? is not
transitive. Next, we compute (R")3:

{0.1,0.2,0.3,0.5, 1} {0.1,0.2,0.3,0.5} {0.1,0.2,0.3,0.5}
(R")® = |{0.1,0.2,0.3,0.5,0.7,1} {0.1,0.2,0.3,0.5,0.7,1}  {0.1,0.2,0.3,0.5,0.7}
{0.1,0.2,0.3,0.5,0.8,1} {0.1,0.2,0.3,0.5,0.7,1} {0.1,0.2,0.3,0.5,0.7,1}

Note that ((R")% o (R")3)(z3, 1) = {0.1,0.2,0.3,0.5,0.7,0.8,1} & (R")3(z3, 1), hence (R")? is

not transitive.

{0.1,0.2,0.3,0.5,1} {0.1,0.2,0.3,0.5} {0.1,0.2,0.3,0.5}
(R =| {0.1,0.2,0.3,05,0.7,1}  {0.1,0.2,0.3,0.5,0.7,1}  {0.1,0.2,0.3,0.5,0.7}
{0.1,0.2,0.3,0.5,0.7,0.8,1} {0.1,0.2,0.3,0.5,0.7,1} {0.1,0.2,0.3,0.5,0.7,1}

It holds that (R")*o (R")* = (R")* and (R")* = R"U(R")?U(R")3U(R")*. Consequently, (R")*
is the reflexive-transitive closure of R.

In the following, we introduce fundamental concepts associated with hesitant fuzzy relations,
which generalize the corresponding notions from classical and fuzzy relational theory and play
an important role in the analysis of their structural properties. Let R be a hesitant fuzzy
relation on X. For each z € X, the R-afterset of z is the hesitant fuzzy set xR € Q(X) defined
by zR(y) = R(z,y), and the R-foreset of z is the hesitant fuzzy set Rz € Q(X) defined by
Rz(y) = R(y, ), for any y € X. The collection of all R-aftersets is denoted by RE!, while the
collection of all R-foresets is denoted by RIf.
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If E is a hesitant fuzzy equivalence relation, we denote E; instead of zE = Ex and we refer
to E, as the hesitant fuzzy equivalence class of E, or just an E-class, determined by the element
z. Hence, E,(a) = E(z,a) for all a € X. The collection of all equivalence classes of E, called
the factor set of X with respect to E is denoted by Elfl = {E, | z € X}.

If X is a finite set containing n elements, then a hesitant fuzzy relation R on X can be
represented as an n X n hesitant fuzzy matrix over Q. In that case, R-aftersets correspond to
row vectors and R-foresets correspond to column vectors of this matrix.

Lemma 3.1. Let h be a hesitant fuzzy set on X. The left and right o-residuals of h with
respect to itself, denoted by h ¢ h and h} h, respectively, are both hesitant fuzzy quasi-orders
on X.

Proof. For any hesitant fuzzy set h on X, it is straightforward to verify that 1g C (h ¢ h)(z, )
and 1g C (hyh)(z,z) for all z € X. Consequently, by property (12), both hesitant fuzzy
relations hd h and h h, defined in (61) and (62) as the left and right o-residuals of h with

respect to itself, are hesitant fuzzy quasi-orders on X. O

Proposition 3.1. Let F; and F, be two hesitant fuzzy quasi-orders on X. Then the following
equivalence holds:

FFCFh < F10F2=F20F1_—‘F2. (68)
Proof. The statement is a direct consequence of standard properties of hesitant fuzzy quasi-
orders, hence the proof is omitted. O

Recall that a hesitant fuzzy set h € QX is called normalized if there exists at least one
z € X such that 1g C h(z) [24]. We next state a lemma that will be used in the proof of the
following theorem.

Lemma 3.2. [24] Let h,g € QX. If h is normalized, i.e., if there exists a € X such that
lg C h(a), then, for every € X the following properties hold:

g(z) € h(a) ® g(z), (69)
h(a) = g(z) € g(). (70)

Proof. Property (69) follows from the isotonicity of multiplication, while property (70) follows
from the antitonicity of the residuum in its first argument. O

Proposition 3.2. Let R be an arbitrary hesitant fuzzy relation on X. The following properties
hold:

1. Functions h— ho R, h— hd R, h+— Roh and h — Ry h are isotone self-maps of the
lattice Q(X).

2. If R is reflexive, the functions h — ho R and h +— R o h are extensive, while h — hd R
and h — R} h are intensive.

3. If R is a hesitant fuzzy quasi-order, then each of the functions h — ho R, h — hd R,
h+ Roh and h — R4 h is idempotent.

Proof. 1. Let hy; and hs be hesitant fuzzy sets on X such that h; C hy. First, we show that
h — ho R is isotone. By the isotonicity of ®, the following holds for all z ¢ X:

ho R(z) = | J () ® R(y,2) € | ha(y) ® R(y, ) = ha 0 R(x).

yeX yeX
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Hence, h — ho R is isotone. Next, we consider h — h ¢ R. Since the left o-residual ¢ is isotone
in its second argument and hy; C hy, it follows that for all z € X:

hid R(z) = () R(z,y) = ha(y) C () R(z,y) = ha(y) = ha § R(z).

yeX yeX

Therefore, h +— h ¢ R is isotone. The isotonicity of the functions h + Roh and h — R{h
follows by analogous reasoning.

2. Let R be a reflexive hesitant fuzzy relation on X that is, 1 C R(z,z) for all z € X.
We first show that h — h o R is extensive. By reflexivity, for every z € X we have:

h(z) C h(z) ® R(z,z) C Uh(y ® R(y,z) = ho R(x).

yeX

Hence, h +— ho R is extensive. Next, we consider the mapping h + h ¢ R. Since 1g C R(z,z),
Lemma 3.2 implies that for every hesitant fuzzy set h on X the following holds:

hd R(z) = ﬂRmy — hy) € R(z,z) = h(z) C h(z),

yeX

for all x € X. Thus, h — h¢ R is intensive. The remaining assertions follow by analogous
arguments.

3. Assume that R is a hesitant fuzzy quasi-order. First, we show that h — ho R is
idempotent, that is, (ho R)o R = ho R. Since h +— h o R is extensive, we immediately have
(hoR)o R D ho R. For the reverse inclusion, we use the transitivity of R and the isotonicity
of ®. For all z € X we have:

((h o R)o R) @ = ((h o R)(y) @ R(y,x)) — U =) & B(z1)) ® R(y,2))

yeX yeX zeX

-UU (i@ sren e ren) < U (15 Ren) = (o R

yeX zeX z€EX

Thus, ((hoR)oR) == (hoR) for every h € Q* and the function h + hoR is idempotent. Next, we
show the idempotency of h +— h d R. Since it is intensive, we immediately obtain (h¢ R) 2 ((h ¢
R) 4 R). For the converse, recall that the transitivity of R yields R(z,y) ® R(y,2) C R(z, 2),
for all z,y, 2 € X. By the antitonicity of the left residuum in its first argument, this implies:

(B(z,y) ® R(y, 2)) = h(z) 2 R(z, z) = h(z),

for all z,y,z € X. By properties (13) and (9), together with the transitivity of R and anti-
tonicity of the residuum in its first argument, we obtain:

(k¢ R) ¢ R)(z) = [V (R(=,y) = [ |(R(y,2) = h(2))) = [ [ ((B(z,y) ® R(y,2)) = h(2))

2 NN (FE9+16) = N0d e = 04 B

for all x € X. Therefore, (hd R)§ R = hd R, and the function h — h ¢ R is idempotent. The
remaining assertions follow by similar arguments. O
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4 Hesitant fuzzy relation inequalities

This paper focuses on specific classes of hesitant fuzzy relation inequalities, which are formally
introduced and analyzed in this section. Throughout the section, R denotes a given hesitant
fuzzy relation on X, while w denotes an unknown taking values in Qx.

Here we consider hesitant fuzzy relation inequalies on X of the form

woRCw, RowCw, wCwdR, wCRyw, (71)
as well as hesitant fuzzy relation equations on X of the form
woR=w, Row=w, w=w¢R, w=Ryw. (72)

Let ® denote an arbitrary hesitant fuzzy relation inequality or equation of the form (71)
or (72). Then the set of all solutions to ® is denoted by (®).

A family {®;}scs of hesitant fuzzy relation inequalities (resp. equations) is referred to as a
system of hesitant fuzzy relation inequalities (resp. equations). A hesitant fuzzy set h € QX
is a solution to the system {®;};cs if it is a solution to each hesitant fuzzy relation inequality
or equation from the system. The set of all solutions to the system {®;};cs is denoted by
(®; | i € I). In particular, for a finite set I = {1,...,n}, we write (®y,. .., ®,) instead of
(®; |i€l).

Theorem 4.1. Let {R;}icr be a family of hesitant fuzzy relations on X, let R = Uier B and
F =R/, Then
(woR;, Cwl|i€l)=(woRCw)y=(woF Cw)= (woF =w)
=(wCwdR|ie=(wCwdR)y=wCwdF)=(w=wdF).
(73)

In addition, these sets consist of all hesitant fuzzy sets on X that are linear combinations of
F-aftersets.

Proof. Due to the residuation property (60), the following equalities hold:

(woR, Cwl|icl)=(wCwdRi|iel), (woRCw) = (wCwydR),
(woF Cw)={(wCwdF).

Let hc (woR; Cw|i€l),ie, hoR; Ch. Then, by property (54), we obtain:

hoR=ho (| JR) =J(hoR:) Ch.

i€l el

Hence, (wo R; Cw | i€ I) C (wo R C w). Conversely, let h € (wo R C w), that is, assume
that ho R C h. Since R; C R for all ¢ € I, property (53) implies that ho R; C ho R C h for
all ¢ € I. Consequently, we obtain (wo R C w) C (wo R; C w | i € I). Therefore, the equality
(woR; Cw|i€el)={woRCw) holds.

Next, let A € (wo R C w). Then, since ho R® C h, it follows by induction that ho R* C h
for all n € Ny. Consequently, the following holds:

hoF=ho(|JR")=|J(hoR)Ch

neNg n€ENg

Hence, (woR C w) C (woF C w). Conversely, suppoose that h € (woF C w), that is, hoF' C h.
If R C F, it follows that ho R C ho F C h, and, consequently, (wo F C w) C (wo R C w).
Therefore, the equality (w o R C w) = (wo F C w) holds.
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Assume now h € (wo F C w). For any h € Q¥, the reflexivity of F' implies that h C ho F.
Together with ho ' C h, this yields ho F' = h, and, consequently, (wo F' C w) C (wo F = w).
The opposite implication is evident, so we obtain (wo F C w) = (wo F' = w). Similarly, since
h + hd F is intensive (Proposition 3.2), we have (w C w¢ F') = (w = w¢ F). Thus, all the
equations in (73) have been proved.

We now show that the set (wo F = w) consists of all hesitant fuzzy sets on X that can be
represented as a linear combination of F-aftersets. For any h € (wo F = w) and any y € X,
we have:

h(y) = (ho F)(y Uh ®F($,y)=Uh( )®zF(y Uh(m ® (zF))(y).

reX zeX z€X
Consequently:
h~Uh(a: UA@%F)
zeX zeX

where A\, = h(z), for each x € X. Hence, h is represented as a linear combination of F-aftersets.
Conversely, assume that h can be represented as a linear combination of F-aftersets, i.e., there
are scalars A, € (), x € X, such that:

h=|]J & @F).

z€X

Then it follows:

(ho F)(y th)X)F(z y) = U(U)\z@)(xF))(z)@F(z,y)

zeX zeX ze€X
= J(UX3F(@2)®F(zy) = ] e (| Flz,2) @ F(zy)
z€X xeX zeX zeX
T€X zeX
for any y € X. Therefore, h € (w o F = w), which completes the proof. O

Using an analogous approach, we can show the following theorem.
Theorem 4.2. Let {R;}icr be a family of hesitant fuzzy relations on X, let R = J,.; R and
F =R/, Then
(RiowCwlicl) = (RowCw)=(FowCw)=(Fouw=u) (74)
—(wC RAwl|iel) = (wC R\w) = (wC Fiw) = (w= Fuw).

In addition, these sets consist of all hesitant fuzzy sets on X that are linear combinations of
F-foresets.

The following result addresses hesitant fuzzy relation inequalities that involve the equiva-
lence closure of the corresponding hesitant fuzzy relation.

Theorem 4.3. Let {R;}icr be a family of hesitant fuzzy relations on X, let R = |J,.; R; and
E = R°. Then
(woR, Cw,RiowCwl|iel) (75)
=(woRCw,RowCw)=(woECw)=(woFE =w)
=(wCwdR,wC R \wl|liel)=(wCwjJRwCRy\w)=(wCwdE)=(w=wdE).
In addition, these sets consist of all hesitant fuzzy sets on A that are linear combinations of
E-classes.
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Proof. The following equailities are direct consequences of Theorem 4.1 and Theorem 4.2:

(woR; Cw,RiowCw|i€l)={woRCw,RowCw)=(wCwdR,wC Riqw|i€l)
=(wCwd R,wC Ryw).

It follows immediately that (wo E C w) = (w C w¢ E).

Assume now that h € (wo E C w), i.e,, ho E C h. Since h + h o E is extensive, we
immediately obtain & C ho E, and hence h o E = h. Conversely, if h € (wo E C w) then
clearly h o E C h. Therefore, (wo E C w) = (wo E = w).

The equality (w Cwd E) = (w = w¢ E) can be proved in a similar way.

Next, let h € (wo E C w). Since R C E, we obtain ho R C ho E C h. Hence,
(woE Cw) C (woR Cw, Row C w). Conversely, assume that h € (wo R Cw,Row C w).
By properties (54) and (48), we obtain:

hoR*=ho(RUR™Y)=(hoR)U(hoR ") =(hoR)U(Roh)Ch.
By induction, h o (R®)™ C h holds for each n € Ny. Therefore:

hoE=ho(R) =ho | J(R)" = [ ho(B)" Ch,

n&Ng neNg

which implies (wo R C w,Row C w) C (wo E C w). Hence, (woR C w,Row C w) =
(wo E =w).

Using the same approach as in the proof of Theorem 4.1, we obtain that (woE = w) coincides
with the family of all hesitant fuzzy sets on X that can be expressed as linear combinations of
FE-classes. (]

In view of Theorems 4.1-4.3, it suffices to consider the equations wo F' = F', Fow = F and
w o E = w instead of the systems of inequalities (73), (74) and the system of equations (75),
respectively.

Theorem 4.4. Let {R;}icr be a family of hesitant fuzzy relations on X. Then the following
holds:

l.ifhe{woR, Cwl|iel), thenh € (RiowCwl|i€l),
2. ifh€ (RiowCwl|i€l), thenh™ € (woR;, Cwli€l),
3. ifhc(woR, Cw,RiowCw|i€l), thenh™ € (woR; Cw,Riow Cwli€l).

Proof. 1. Let h be a hesitant fuzzy set on X such that h € (wo R; C w | ¢ € I) and let
R =,c; Ri. By Theorem 4.1, it follows that i € (wo R C w). Using properties (14) and (6),
together with the commutativity of &, we obtain:

(hoR)™(z) = (ho R)(z) = 0 = ( U (h(y) ® R(y,x))) —0=) ((h(y) & R(y,z)) — m)

yeX yeX

=N ((R(y,x) 2 h(y)) — (2)) = (R(y,w) = (h(y) = @))

yeX yeX

=N (R(y,x) — hﬁ(y)> = (RX17)(z)

yeX
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for all z € X. Therefore, the equality (h o R)™ = RY h™ holds. Next, by properties (12) and
(60) we obtain:

hoRCh = h C(hoR)” <& h"CRAR™ <& Roh Ch.

Consequently, h € (wo R C w) implies h~ € (Row C w), and hence, by Theorem 4.2,
h“E(RzowgwleI)

The assertion 2. can be proved using the similar approach, while 3. directly follows from 1.
and 2. a

Let R be a hesitant fuzzy relation on X and let h be a hesitant fuzzy set on X. For the
purposes of this paper, we define left and right R-closed hesitant fuzzy sets. We say that h is left
R-closed if, for all z,y € X, h(z) ® R(z,y) C h(y), which is equivalent to ho R C h. Similarly,
h is right R-closed if R(z,y) ® h(y) C h(z), for all z,y € X, or, equivalently, Roh C h. A
hesitant fuzzy set that is both left and right R-closed is termed double R-closed. Note that, if R
is symmetric, then ho R = Roh and left and right R-closedness coincide; in this case we simply
speak of R-closed hesitant fuzzy sets. The families of left, right, and double R-closed hesitant
fuzzy sets on X are denoted by I';(R), I'+(R), and I'4(R), respectively. Moreover, following the
standard fuzzy set theory terminology (cf. [7, 15]), if E is a hesitant fuzzy equivalence, then
E-closed hesitant fuzzy sets are said to be extensional with respect to L.

Motivated by the work of Lai and Zhang [17] we formulate and prove the following lemma,
which will be used to prove the next theorem.

Lemma 4.1. Let R be a hesitant fuzzy relation on X and let I';(R) denote the family of left
R-closed hesitant fuzzy sets on X. Then, for any family {h;}:c;r C I[;(R) of hesitant fuzzy sets
on X, any hesitant fuzzy set g € I')(R) on X, and any scalar A € @, the following conditions
hold: '

1. hy,hs € T\(R),
- Uier{hi} € TW(R),
Nicr{hi} € Tu(R),
. A®g e Ty(R),
A5 g eTy(R).

L B O SO

Proof. 1. Clearly, hg ® F(z,y) = hy and hg ® R(z,y) C hg for all z,y € X, which implies
hg, hs € Fl(R)
2. Given that {h;}ier C I'W(R), we have:

hi(z) ® R(z,y) € hi(y),
for all s € I and z,y € X. This implies that, for all z,y € X:
Unio) 3 Rz0) = U (1) @ Re) ) € Uto)
iel icl iel

Consequently, ;¢ hi € Ti(R).
3. The statement can be proved in the same way as statement 2.
4. Given that g € T';(R), we have:

g(z) ® R(z,y) C g(y),
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for all z,y € X. Next, according to property (25) of scalar multiplication, for any A € () the
following holds:

(A ®g(z)) ® R(z,y) = A ® (9(z) ® R(z,y)) T A® g(y),

for all z,y € X. Therefore, A ® g € I'|(R).
5. Given that g € T'/(R), the following holds:

g(z) ® R(z,y) Cgly) = R(z,y) Cg(z)— g(y),

for all z,y € X. According to property (14), we have:

(A= g(2)) ® (9(z) = 9(v)) S (A = 9)),
for all z,y € X. Then, by the residuation property (34), we obtain:

(9(z) = 9(y)) € (A = g(x)) = (A = g(»)),
for all z,y € X. Hence, the following holds:

R(z,y) C 9(z) = g(y) € (A = 9(2))) = (A = 9(»));
for all z,y € X. Therefore:
(A= g(=)) ® R(z,y) € (A = 9(»)),

for all z,y € X. Consequently, A = g € T')(R). 0
Remark 4.1. The conditions 1-5 established for I';(R) also hold for I';(R) and T4(R).

The following theorem is devoted to a detailed characterization of the solutions to the
considered inequalities using closures and aftersets (foresets).

Theorem 4.5. Let {R;}icr be a family of hesitant fuzzy relations on X. Define R = J,; R,
F =R/ and E = R°. Then:

1. woR, Cwl|i€el), (RRowCR;|i€l), (woR, Cw,RiowCuw]|ié&l) form both
closure and opening systems in Q(X).

2. The principal part of (wo R; Cw |1 € I) consists of all F-aftersets.

8. The principal part of (Riow Cw |4 € I) consists of all F-foresets.

4. The principal part of (wo R; Cw,R;ow Cw|i € I) consists of all E-classes.

Proof. 1. The assertion follows directly from Lemma 4.1.

2. To simplify the notation, set C = (wo R; C w | i € I). By Theorem 4.1, we have
C=(woF =w). Let P(C) = {C,; | z € X} denote the principal part of C. According to
definition (45),C, = ({g € C | 1y C g(z)} for each z € X. Fix an arbitrary z € X and let zF
denote the F-afterset of x. Then, using the reflexivity and transitivity of F', we obtain:

(@F)oF)) = J@F)(z) & Fzy) = | F@,2) @ Fz,y) = (Fo F)(,y) = 2F(y),
z€X z€X

for ally € X. Hence, o F € C. Next, we show that C, = zF for all z € X. Due to the reflexivity
of F we have 1g C zF(x) for all z € X, and, consequently, F € {g € C | 13 C g}. Therefore:

Cz:ﬂ{gECH@gg(a:)}QxF,
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for all z € X. Consider now an arbitrary g € C such that 1g C g(z) for some z € X. Then,
the following holds:

(zF)(y) = F(z,y) C 9(z) @ F(z,y) € | ] 9(2) @ F(2,9) = (90 F)(») = 9(v),

for all y € X. Hence, we obtain zF' C g and it follows that:

zF C(YgeCllp Cylz)} =Ca,

for all z € X. Therefore, C, = zF for all z € X and P(C) = {C; |z € X} = {zF | z € X}.

3. According to Theorem 4.2 it holds that (R;ow Cw|i € I) = (Fow = w). Asin the
previous case, we introduce the notation C = (R;ow Cw | i € I) = (F ow = w) to simplify
expressions. The principal part of C is denoted by P(C), as usual. Consider an arbitrary z € X.
For each y € X the following holds:

(FO(Fx))(y)ZUF(y,Z) (Fz)(2) = | ] Fly,2) @ F(z,2) = F o F(y, ) = Fz(y).
zeX z€EX

Therefore, Fz € C. Next, we show that C, = Fz for all z € X. Since F' is reflexive, then
lg C Fu(z) for all z € X and, consequently, we obtain:

Cx:ﬂ{gECH@gg(w)}gFm

To prove the opposite inclusion, consider an arbitrary g € C such that 1y C g(z). Then for all
y € X the following holds:

(Fz)(y) = F(y,7) C F(y,2) ® g(z) C | | F(y,2) ® 9(2) = (F 0 9)(¥) = 9(v)-

It follows that F'z C g, i.e., Fx C C,, for all x € X. Consequently, C; = Fz for all z € X.

4. According to Theorem 4.3 it holds that (wo B; Cw,Rjow Cw|i € I) = (wo E = w).
Let 2 € X be an arbitrary element and let C = (wo R; Cw,Riow Cw i € I) = (wo E = w).
Then, for all y € X the following holds:

(Ex0 B)(y) = | Bo(2) @ B(z,y) = | El=,2) ® E(2,9) = E 0 E(z,y) = E(x,y) = Ex(y).
zeX zeX

Consequently, E, € C. Since E is reflexive, then 1g C E_ (x). By definition,

C. = ﬂ{g €C|1g C g(z)},

and, hence, C;, C F, holds for all x € X.
To prove the opposite inclusion, assume that g € C satisfies 15 C g(z). Then, for all y € X
we have:

E.(y) = E(z,y) C 9(z) ® E(z,y) € | 9(2) ® B(2,9) = (90 E)(y) = 9(y).
zeX

Therefore, E, C g, i.e., E, CC, for all z € X. Finally, we obtain C, = E, for all z € X. O

Consider a family of hesitant fuzzy relations {R;}icr on X and define R = J;.; Ri, F = Rf
and E = Re. Next, we define mappings ¢ — ¢', g — ¢™°, and g — g% to denote closure
operators on Q(X) that correspond to the following closure systems, respectively:

(woR; Cwliel), (RiowCwl|iel) and (woR, Cw,RiowCwl|i€l). (76)
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Analogously, the mappings g + ¢'°, g — g™, and g — g% denote the corresponding opening
operators. That is, g v ¢, g — ¢"¢, and g — g% represent the least solutions to the systems
described in (76), respectively, that include the hesitant fuzzy set g, while g — g, g~ g°,
and g — g% correspond to the greatest solutions to the same systems that are contained within
g. The following proposition provides a method for computing the least and greatest solutions
described above.

Proposition 4.1. Let {R;}icr be a family of hesitant fuzzy relations on X, let R = [J;c; Ri,
F = Rf and E = R® and let g be an arbitrary hesitant fuzzy set on X. Then:

ge=goF, g¢g°®=Fog, g¥=goE, ¢°=g/F, g°=F\g, ¢*=g/E. (77)

Proof. According to Proposition 3.2, the functions g — go F, g+ Fog, and g > go E are
closure operators on Q(X), while g — gd F, g — F g, and g — g¢ E are opening operators
on Q(X).

Since F is reflexive and transitive, we have goFoF = goF for each g € Q(X). Consequently,
goF e {woF =w)=(woR, Cw|iel). Moreover,if h € (wo R; Cw | i € I) such
that ¢ C h, then go F' C ho F = h. Hence, g o F represents the least solution to the system
wo R; Cw, for i € I, that contains g. That means go F = g'.

The remaining equalities in (77) can be proved analogously. a

The Proposition 4.1 provides effective methods for computing the greatest solutions to the
systems (77) that are contained in a given hesitant fuzzy set g on X, as well as the least solutions
that contain ¢g. A method for determining the greatest solution to the system woR; C w (i € I)
contained in a given hesitant fuzzy set g is presented in Algorithm 1. Analogous algorithms can
be formulated for the other systems of inequalities that we have considered.

Algorithm 1 Computing the greatest solution to the system of inequalities wo R; C w (i € I)
contained in g

Input: A family {R;}:cs of hesitant fuzzy relations on a finite set X (with finite index set [ )
and a hesitant fuzzy set g on X.

Output: The greatest solution to the system of inequalities wo R; C w (i € I) contained in g.
Compute: R = J;.; R;

. Compute the reflexive-transitive closure: F' <+ RS

: Compute the left o-residual: L + g4 F

return L

LR e

5 Hesitant fuzzy relation equations

In this section, we investigate hesitant fuzzy relation equations and present a detailed analysis
of their solution sets.

Theorem 5.1. Let {R;}icr be a family of hesitant fuzzy relations on X and let R = J,.; R;.
Then the following holds:

(woR;=wl|iel)C{woR=w), (Row=wl|i€l)C(Row=w). (78)

Proof. Assume that g € (wo R; =w |i € I),ie, goR; =g for all i € I. Then, by applying
property (54), we obtain:

goR=go(JR)=JlgoR)=1¢.

i€l i€l
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Therefore, g € (w o R = w) and thus the first inclusion in (78) is proved. The second inclusion
can be proved similarly. O

The following example illustrates that the inclusions presented in (78) can be strict.

Example 5.1. Let X = {z,y,z}, and let Q be a Gédel power set quantale. Consider the
hesitant fuzzy relations R;, Ry € R(X) and the hesitant fuzzy set g € Q(X), given by:

{0.1,0.2} [0,1] {0.3} {o.1} {0.5} {0.2} [0,1]
Ri=1| {04} p {05,06}|, Ry= ({02} @ [0,1]]|, g=|[0,1]
{0.1,0.2} [0,1] 0 {0.3} {04} @ [0,1]

In that case, we have:

{0.1,02} [0,1] {0.2,0.3}
R=RUR,=| {0204} [0, 1]
{0.1,0.2,0.3} [0,1] ]

Consequently, go R = g and g € (w o R = w). However,

[0,0.3]
goRy= [[0,05]| #g,
[0,1]

whence it follows that g ¢ (wo R; =w | ¢ € I).
Theorem 5.2. Let R be a hesitant fuzzy relation on X . The following holds:
(woR=w)=(woR'=w), (Row=w)=(Row=uw). (79)

Proof. Assume that g € (wo R = w), i.e., go R = g. We show by mathematical induction that
go R™ = g for all n € N. The base case n = 1 holds by the assumption goR=g. If goR" =g,
for some n € N, then then the associativity of composition implies:

goR™ =(goR"oR=goR=yg
Hence, by induction, the equality g o B = g holds for all n € N. Consequently, we have:
goRt:go(UR”)z UgoR”:g,
neN neEN

that is, g € (wo R’ = w). It follows that (wo R =w) C (wo R' = w).
Conversely, let g € (wo R* = w). Then go R C g o R* = g, and we obtain:

goR*=(goR)oRCygoR.
Assume that go R™ C g o R*! for some n € N. Then:
gORn+1:(gORn)ORggoRn_IOR:gORn.

By induction, it follows that go R* C go R™! for all n € N, so {(g © R")}sen is a decreasing
sequence. Hence, its join is the first element, giving:

g=goR =go(|JR) =JlgoR) =goR.
neN neN
Consequently, g € (w o R = w), which implies the inclusion (w o R* = w) C (wo R = w).
Together with the previously proved reverse inclusion, it follows that (woR = w) = (woR! = w).
The other equality in (79) can be proved analogously. g
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Theorem 5.3. Let {R;}icsr be a family of hesitant fuzzy relations on X. Then
woR,=wliel), (Rrow=wl|i€l), (woRi=w,Riow=wl|i€l) (80)

are opening systems in Q(X).

Proof. To simplify notation we set C = (wo R; = w | ¢ € I). It follows directly that 0 € C.
Next, let {g;};es be an arbitrary family of hesitant fuzzy sets on X such that {g;}jes CC.
Then, for every i € I we have g; o R; = g; for all j € J. Consequently, by property (56):

(U)o ri=JlgoR)=Jas (81)

jeJ jeJ jeJ

which implies that | J,c;g; € C. Hence, C = (woR; =w |i € I) is an opening system in Q(X).
The proof for the remaining systems in (80) is analogous and therefore omitted. O

The following example demonstrates that the systems given in (80) do not always form
closure systems.

Example 5.2. Let X = {z,y, 2}, and let Q be the Gddel power set quantale. Consider the
hesitant fuzzy relations R; and Ry on X, given in Example 5.1, and the full hesitant fuzzy set
hs = [[0,1][0,1][0,1]]T on X. Then, we obtain:

[0,0.2]
hso Ry = | [0, l] #+ hg.
[0,0.6]

It follows that kg is not a solution to the systems (wo Ry = w) and (wo Ry = w,w o Ry = w),
defined in (80). Consequently, these systems do not constitute closure systems.

In addition to the hesitant fuzzy relation inequalities specified in (71), the term hesitant
fuzzy relation inequality can more generally refer to any expression of the form:

w C p(w), (82)

where w is unknown hesitant fuzzy set taking values in QX and ¢ : Q¥ — Q¥ is a function.
Any hesitant fuzzy set g € QX satisfying the inequality g C ¢(g) is considered as a solution to
that inequality. In order to establish a connection between the solution sets of the inequalities
given in (71) and those corresponding to the more general expression in (82), we define the
following functions:

¢g) = ﬂ(g oR;Ng{Ry), (83)
¢ (9) = O(Ri o gN R\ g),
v(g) = ﬂ(goRiﬂg%&ﬂRiogﬂRi\g) = (' N ")(g).

The following theorem shows that the functions ¢!, ¢" and ¢® are isotone, and it characterizes
the relationship between the sets of solutions to the inequalities defined in (71) and those given
in (82).
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Theorem 5.4. Let {R;}icr be a family of hesitant fuzzy relations on X. Let o', ", 0% be
functions on Q(X), defined for any g € QX as in (83). Then, the functions @', ¢, ¢ are
isotone and the following holds:

woRi=wliel) =(wC @), (Row=wliel)=(wCew), (81
(woR; =w,Riow=wl|iel)=(wC Hw)).

Proof. The isotonicity of the functions ¢!, " and % follows directly from Proposition 3.2.
Consider the first equality in (84). Based on the previous results, we establish the following
sequence of equalities:

(woR;,=wl|i€l)={woR, Cw,w CwoR;|i€l)=(wCwdR,wCwokR;|iel)

:(wg(wngiﬂwoRi)|z'€I):<w§ﬂ(w;/&ﬂwoRi)>:<w§<pl(w)).

el

This completes the proof of the first equality in (84), and the remaining equalities follow by
analogous arguments. 0

We proved that functions ¢!, ¢ and ¢ are isotone and it can be easily shown that the sets of
all solutions to the inequalities g C ¢'(g), g C ¢"(g) and g C ¢%(g) are complete sublattices of
QX, containing the greatest post fixed points of the corresponding functions. Considering that
all the conditions of Knaster-Tarski fixed point theorem are fulfilled, we have that the greatest
fixed points of !, ", ©? are equal to the greatest post fix points of these funcitons, respectively.
This allows us to compute the greatest solutions to the given inequalities (equations) contained
in an arbitrary hesitant fuzzy set g of QX.

Recall that the image Im(g) of a hesitant fuzzy set ¢ on X is the set of all membership
degrees that appear in g, i.e., Im(g) = {g(z) | z € X}. Similarly, the image of a hesitant fuzzy
relation R; is the set of all membership degrees assigned by R; to the ordered pairs in X x X,
i.e., Im(R;) = {Ri(z,y) | z,y € X}. The following theorem can be stated.

Theorem 5.5. Assume that X and I are finite sets and let {R;}icr be a collection of hesitant
fuzzy relations on X. Let g be a hesitant fuzzy set on X. Construct a sequence {gx}tren of
hesitant fuzzy sets on X inductively as follows:

g1=9, Grr1 =GN (pl(gk), for each k € N.

If the subalgebra of Q, generated by the set | J;c;(Im(R;)) U Im(g) is finite, then the following
assertions hold:

1. The sequence {grtren is finite and decreasing, and there is the smallest number m € N
such that g = Gma1,

2. gm is the greatest solution to the system wo R; = w (i € I) contained in g.

Proof. Let D denote the subalgebra |J,c;(Im(R;)) U Im(g) and let D denote the carrier set of
D. By the hypothesis, D is a finite set, so the set D¥ of all hesitant fuzzy sets on X with
membership values in D is also finite. Since {gx }xen € DX, the sequence {gk }ren is also finite.
Moreover, {gk}ren clearly forms a decreasing sequence, and for each k € N, we have g C g.

A finite decreasing sequence must stabilize; that is, starting from some index, all elements
are equal. Consequently, there exist m,n € N such that gmin = gm, and then gn = gmin C
gm+1 C gm- Hence, gmi1 = gm, and m is the smallest natural number with this property.
Therefore, we obtain:

Im = gm+1 = gm N Wl(gm),
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and hence gn, € ¢*(gm). By Theorem 5.4, gy, is a solution to the system w o R; = w (i € I).
Consider an arbitrary solution A to this system, satisfying k C g. Then we have h C ' (h)
and h C g = g1. If h C gi, for some k € N, then ¢'(h) C ¢'(gx). Hence, the following holds:

hCgrn SOl(h) CgeN Wl(gk) = Gk+1-

Therefore, since h C g, for each k € N, then h C g,,. Consequently, g, is the greatest solution
to the system w o R; = w (i € I) contained in g. (]

Remark 5.1. The Kleene fixed point theorem asserts that the greatest fixed point of the given
function ¢' can be computed as the intersection of the descending Kleene chain {g } xen, which
is defined in Theorem 5.5. Observe that the previous theorem gives sufficient conditions for a
given descending sequence to be stabilized and the greatest solution to the system w o R; =
w (i € I) contained in g can be computed in this way. Therefore, the result can alternatively
be interpreted within this fixed point framework.

Algorithm 2 Computing the greatest solution to the system of equations wo R; = w (1 €l)
contained in g

Input: A family {R;}icr of hesitant fuzzy relations on a finite set X (with finite index set [ )
and a hesitant fuzzy set g on X.

Output: The greatest solution to the system of equations w o R; = w (i € I) contained in g.
1: function COMPUTE ¢'(g, {R;}ier)

2 Initialize all values of HFS f to [0, 1]
3 for each 7 € I do

4: h<+(goR;)N(g¢ ;)

5: f<fnh
6
7
8
9

end for
return f
: end function
! Geurrent < G
10: do
11: Gprevious < Geurrent
12: Geurrent < gpreviousm COMPUTE Qol (gprevious; {Ri}iel)
13: while Geurrent 7é Gprevious
14: return Geyrrent

Consider a system represented by the single equation w o R = w. In order to compute the
greatest solution to this equation contained in a hesitant fuzzy set g on X, we first determine
the greatest solution ¢’ contained in g to the inequality w o R C w and then compute the
greatest solution to the inequality w C w o R contained in ¢’ (i.e., the greatest post-fixed point
of the function h + ho R contained in ¢'). The obtained hesitant fuzzy set is also the greatest
solution to the equation w o R = w contained in g.

Theorem 5.6. Let R be a hesitant fuzzy relation on a finite universal set X, let F = RY, and
let g be a hesitant fuzzy set on X. Construct a sequence {hy}tren of hesitant fuzzy sets on X
inductively as follows:

hi=g¢dF, hgy=heoR, foreachkeN. (85)

If the subsemiring of Q* generated by the set Im(R) U Im(g) is finite, then the following holds:
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1. The sequence {hi}ren is finite and decreasing, and there is the smallest number m € N
such that hy, = hpya,

2. h,, is the greatest solution to equation wo R = w contained in g.

Proof. According to Proposition 4.1, hy = g¢ F is the greatest solution to the inequality
w o R C w contained in g. Hence, hy o R C h; and, therefore, hy = hy o R C hy. Next, assume
that hgy1 C hy for some k € N. Then:

hk+2 = hk—l—l (6] R Q h,k o R = hk+1.

By induction, hgy, C hg holds for any k € N. Therefore, {hy}ren is a decreasing sequence,
and hy C gd F C g, for any k € N. Similarly to the proof of Theorem 5.5, {ht}ren is a finite
sequence, so there exists the smallest m € N such that h,, = hmyi.

Since h,, = hpmy1 = hm o R, then h,, is a solution to the equation w o R = w. Assume h is
an arbitrary solution to this equation contained in g. Then h is also a solution to the inequality
wo R C w. According to Proposition 4.1, g4 F is the greatest solution to the inequality
w o R C w. Therefore, we have h C gJ F and (gd F) o R C (g4 F'). Consequently,

h=hoRC (9§ F)oRC gdF =h.
If h C hy, for some k € N, then
h=hoRChgyoR=hyy.

Therefore, by induction, we obtain h C hg, for every k£ € N, and consequently, h C h,,. Hence,
h. is the greatest solution to the equation w o R = w contained in g. O

Remark 5.2. The iterative construction in Theorem 5.6 can also be viewed as the iteration of
an isotone operator on a complete lattice of hesitant fuzzy sets, and therefore Knaster-Tarski
fixed point theorem can be applied. The sequence {hy}ren is decsending (Kleene’s chain) and
if the conditions of the previous theorem are fulfilled, then the sequence stabilizes, i.e. there
exists m € N such that h,, = h,,,1. Hence, h,, is the greatest fixed point of the given operator
@w(hg) = hi, o R, i.e., the greatest solution to the equation w o R = w contained in g.

Algorithm 3 Computing the greatest solution to the equation w o R = w contained in g
Input: A hesitant fuzzy relation R on a finite set X and a hesitant fuzzy set g on X.
Output: The greatest solution to the equation w o R = w contained in g.

1: Compute the reflexive-transitive closure: F <+ Rf
2: Compute the left residual: L + g4 F

3: Set heyrrent <— L

4: do

5 hprevious + Reurrent
6: hcurrent A hprevious oR
7

8

: while heyrrent # Pprevious
: return h'curremf

Note that the previous algorithm provides an alternative approach when the system consists
of a single equation. The algorithm requires only two variables, the input set g and a second
variable to store each newly computed value. However, for the sake of readability and more
intuitive notation, we have introduced an additional variable.
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6 Algebraic characterizations of the sets of solutions

This section is devoted to analyzing families of hesitant fuzzy sets that form the solution sets to
hesitant fuzzy relation equations, specifically when the relation is a hesitant fuzzy quasi-order.
We first establish several properties of closure systems on families of hesitant fuzzy sets, which
provide the foundation for the subsequent analysis.

Let C be a closure system in Q(X). We say that the principal elements C, and Cy of C
satisfy:

- the inclusion property if

Caly) = I(Co, Cy) = (] Cala) = Cy(a), (86)

aeX

- the reverse inclusion property if

Caly) = 1(Cy, Co) = (1] Cyla) (a), (87)

a€X
- the equality property if

C:c(y) = E(Cyvcz) = ﬂ Cz(a) « Cy(a)a (88)

acX

for all z,y € X.

In what follows, we present a theorem proved in [24], which will be used in proving the
subsequent results. Recall that for a hesitant fuzzy quasi-order F' on X, the hesitant fuzzy
equivalence Ep on X, defined by Ep(z,y) = F(z,y) N F(y,z), is referred to as the natural
hesitant fuzzy equivalence of F'.

Theorem 6.1. Let F be a hesitant fuzzy quasi-order on a set X. In that case
1. Er is the greatest hesitant fuzzy equivalence on X contained in F.

2. Foranyz,y € X

F(z,y) = ﬂ aF(z) = aF(y) = ﬂ Fa(y) — Fa(x). (89)

acX a€X
3. Foranyz,y€ X

Ep(z,y) = m aF(z) < aF(y ﬂ Fa(z) < Fa(y). (90)

a€eX acX

Proposition 6.1. A family P of normalized hesitant fuzzy sets on X is the collection of all
aftersets of some hesitant fuzzy quasi-order on X if and only if P is the principal part of some
closure system in Q(X) whose principal elements satisfy the reverse inclusion property.

Proof. Let P be the collection of all aftersets of F. Define a collection C C @¥ in the following
way:

C=(woF Cw)={g€QX)|FCgyg}
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Recall that for any x € X, the afterset F is defined by zF(y) = F(z,y) for all y € X.

Consequently,
zF(y) o F(z,y) C zF(y)

for all z,y € X, which implies that zF € C for all z € X. By Theorem 4.5, C is a closure
system in Q(X).

Now, fix an arbitrary a € X and define the set K = {g € C | 13 C g(a)}. By Lemma 3.2,
we obtain:

Ca(x) = () 9(z) 2 () (g9(a) = g(z)) 2 [ (9(a) = g(=)) = [ (g 9)(a,z) 2 F(a,7) = aF (),

geEK geK gel gec

for any x € X. Hence, aF C C,. On the other hand, if aF' € K it follows that:

Ca:ﬂggaF.

geEK

Therefore, C, = al’ for all ¢ € X, which implies that P represents the principal part of C.
According to Thecrem 6.1, the following holds:

() Cu(z) = Cal@) = [ bF(z) = aF(z) = (] F(b) = Fx(a) = F(a,b) = aF(b) = Cq(b),

zeX zeX zeX

for all a,b € X. Hence, principal elements of C satisfy the reverse inclusion property.

For the opposite direction, assume that P is the principal part of some closure system C in
Q(X) whose principal elements satisfy the reverse inclusion property. Define a hesitant fuzzy
relation F' on X in the following way:

F(a,b) = Cq(b) = I(C, Ca) = () Colx) = Cul3),

zeX

for all a,b € X. By definition of the principal element C, of the closure system C generated by
z € X (cf. (45)), we have 14 C C.(z) for every z € X. Consequently, as F(a,a) = C,(a), the
relation F' is reflexive.

Consider arbitrary a,b,c € X. Using property (12), we obtain:

F(a,b) ® F(b,c) C (Cp(z) = Colx)) R (Ce(z) = Co(T)) C Ce(z) — Co(z), (91)
for each x € X. Consequently:

F(a,b) ® F(b,c) C ﬂ C.(z) = Colx) = F(a,c).

zeX

Hence, F is a hesitant fuzzy quasi-order. According to (91), it holds (aF)(b) = F(a,b) = C,(b)
for all a,b € X, and it follows that aF" = C, for all @ € X. Therefore, P consists of all
F-aftersets. a

The corresponding properties of the aforementioned family P, expressed in terms of foresets
(or equivalence classes) and inclusion (or equality), are presented below and can be proved
similarly to Proposition 6.1.

Proposition 6.2. A family P of normalized hesitant fuzzy sets on X is the collection of all
foresets of some hesitant fuzzy quasi-order on X if and only if P is the principal part of some
closure system in Q(X) whose principal elements satisfy the inclusion property.
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Proposition 6.3. A family P of normalized hesitant fuzzy sets on X is the collection of all
equivalence classes of some hesitant fuzzy quasi-order on X if and only if P is the principal
part of some closure system in Q(X) whose principal elements satisfy the equality property.

As previously mentioned, the lattice of all hesitant fuzzy sets on X, equipped with the scalar
multiplication is denoted by Qg (X), called O-lattice of hesitant fuzzy sets on X. Its complete
sublattices equipped also with the scalar multiplication are said to be complete Q-sublattices

of Q@(X)
Theorem 6.2. Let C be a collection of hesitant fuzzy sets on X. Then there exists a hesitant
fuzzy quasi-order F on X such that C = (w o F = w) if and only if the following hold:

1. C is a complete Q-sublattice of Qgx(X);

2. every element of C can be expressed as a linear combination of principal elements of C;

3. principal elements of C satisfy the reverse inclusion property.

Proof. Let F be a hesitant fuzzy quasi-order on X and let C = (w o F' = w). By properties
(56), (57), and using the reflexivity of F, for any family {g;}ic; € C we have:

Ug) o F=Ugio) =g (o) o FSNgioF)=(g: S (gi) o F

i€l el el icl el el icl

Consequently, C is closed under arbitrary joins and meets. Let now A &€ () be an arbitrary
scalar and g € C. For any = € X, using the properties of scalar multiplication, we obtain:

(A®g)oF)(z) = | J (M29) )@ F(y,2)) = A& | (9(v)®F(y,2)) = A®(90F)(z) = Axg(x).

yex yeX

Thus, C is closed under scalar multiplication. Consequently, C forms a complete Q-sublattice

of Qg(X).

Next, fix an arbitrary z € X. Since F is a hesitant fuzzy-quasi order, the following holds:

(@F o F)(y) = | J(@F(2) ® F(z,v)) = | (F(z,2) ® F(z,y)) = (F o F)(z,y) = zF(y),

z€X zeX

for all y € X. Hence, zF € C for all x € X. Since F' is reflexive, it follows that 1y C zF(x)
for all z € X. Therefore, zF € {g € C | 14 C g(z)}, which implies that {g € C | 1g C g(x)} is
non-empty set. Consider now an arbitrary g € C such that 1lg C g(z) for some x € X. Then
for any y € X we have:

9(y) = (9o F)(y) = | (9(2) ® F(2,v)) 2 9(z) ® F(z,y) 2 Fz,y) = zF(y),

and it follows that zF' C g. Consequently, xF' C g for all g € C, and, hence, zF' is the least
element of the set {g € C | 1g C g(z)}. Therefore, zF = [{g € C | 1g C g(z)} = C, for all
x € X. According to (89), for arbitrary z,y € X we obtain:

ﬂC(a ) = Cu( myF — zF(a) = ﬂFa ) = Fa(z) = F(z,y) = Cy(y).
acX aeX acX

Therefore, principal elements of C satisfy the reverse inclusion property.
Consider now an arbitrary g € C. The following holds:

9(z) = (go F)(z) = | (s(y) ® F(y,2)) = | (sv) @ ¢,(2)) = (| 9() ®C,) ()

yeX yeEX yeEX
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for all z € X. Hence:
9= J ) ®c,
yeX

and, consequently, every member of C can be represented as a linear combination of its principal
elements. Therefore, we proved that each of the properties 1., 2., and 3. holds.

Conversely, assume that C satisfies conditions 1., 2., and 3. Define a hesitant fuzzy relation
F on X in the following way:

F(z,y) ﬂ Cy( (92)

for all z,y € X. It is easy to see that F' is reflexive. Consider arbitrary z,y,z € X. According
0 (92) the following holds:

F(z,y) ® F(y,2) = ([ Cy(a) = Ca(a)) ® ([) C:la) = Cy(a))

aeX a€X
C (Cyla) = Cola)) ® (Co(a) — Cy(a)).
Next, by property (12) we have:
(Cy(a) = Ci(a)) ® (C.(a) — Cyla)) C C.(a) - Cu(a).
Hence, for all a € X it holds F(z,y) ® F(y, z) C C.(a) — Cy(a) and it follows:
F(z,y) ® F(y, 2) ﬂC(a — Cy(a) = F(z, 2).
a€X

Therefore, F is transitive, and, consequently, F is a hesitant fuzzy quasi-order. By the definition
of F, for an arbitrary x € X, we have C, = oF.
Consider now an arbitrary g € (w o F' = w). Then for each z € X the following holds:

9(z) = | J (9(v) & Fy,2)) = |J (9(v) ® Cy(2)) = (| 9(y) ® C,) ().
yeX yeX yeX
Consequently, we obtain:
g=JowacC
yeX

Since C, € C for all y € X, and C is closed under scalar products and arbitrary joins, then it
follows that g € C. Therefore, (wo F = w) CC.

On the other hand, let g € C. According to assertion 2., there are scalars A\, € @, z € X,
such that

g=J 0c.,

z€X

and, for any z € X, the following holds:

(9o F)(=) = |J (o) ® Fly,2)) = | (U A @ C.(v)) ® F(y,7)

yeX yeX z2e€X
=U (Az ® (U Flz9) ® Fly, w))) = (Az ® (FoF(z,x»)
= | J (@ C.(x)) = g(x).

Thus, g € (woF = w),s0C C (woF = w). Hence, it has been proved that C = (woF =w). O
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Recall that the set F(X) of all hesitant fuzzy quasi-orders on X is a closure system in the
lattice R(X) of all hesitant fuzzy relations on X. Thus, F(X) is a complete lattice under
inclusion.

The above results enables the construction of an order isomorphism bhetween the lattice
(F(X),C) and a partially ordered set of particular complete Q-sublattice of Qg(X), implying
that the latter inherits the lattice structure. We explore this relationship below.

Theorem 6.3. The mapping F + (wo F = w) is a dual order isomorphism of the lattice

F(X) of all hesitant fuzzy quasi-orders on X onto the partially ordered set of all complete
Q-sublattices of Qg(X) satisfying conditions 2. and 3. of Theorem 6.2.

Proof. According to the results of Theorem 6.2, we have to prove that for any two hesitant
fuzzy quasi-orders Fy and Fy on X the following holds:

FFCFR & (woF=w) C(woF =uw). (93)
Notice that the equivalence (93) ensures that ¢ is injection.

Let F, and F be hesitant fuzzy quasi-oders on X. If F; C F, and g € (w o Fy = w), then
we have:

gCgoFi Cgokr=y,

and, consequently, go F} = g, i.e. g € {(wo I} = w). Conversely, assume that (wo Iy = w) C
(wo Fy = w). In that case, for each z € X we have that zF5 € (wo F, = w) C (wo F1 = w),
ie. zF5 0 Fy = aFy. Therefore, for arbitrary z.y € X we have

Fy(z,y) = aFy(y) = (k0 F)(y) = | 2F2(2) ® Fi(z,y) 2 aF(2) ® Fi(z,y) 2 Fi(z,y),

and, hence, Fy C F,. From the above, we immediately obtain that (93) is satisfied. O

In the sequel, we present the second characterization theorem and outline the corresponding
order isomorphism analogously to Theorems 6.2 and 6.3. The proofs of the following theorems
are analogous to those already presented and are therefore omitted.

Theorem 6.4. Let G be a collection of hesitant fuzzy sets on X. Then there exists a hesitant
fuzzy quasi-order F on X such that G = (F o w = w) if and only if the following holds:

1’ G is a complete Q-sublattice of Qg(X);
2’ every element of G can be expressed as a linear combination of principal elements of G;

3’ principal elements of G satisfy the reverse inclusion property.

Theorem 6.5. The mapping F — (F ow = w) is a dual order isomorphism of the lattice
F(X) of all hesitant fuzzy quasi-orders on X onto the partially ordered set of all complete
Q-sublattices of Qg(X) satisfying conditions 2’ and 3’ of Theorem 6.4.

7 Conclusion

In this paper, we studied hesitant fuzzy relation inequalities and equations defined over a
power set quantale. We developed algorithms for computing the greatest solutions to systems
of hesitant fuzzy relation inequalities and equations, contained in a given hesitant fuzzy set,
including an algorithm for the greatest solution to the single equation of the form wo R = w.
Furthermore, we provided algebraic characterizations of sets of solutions in terms of closure
systems and established dual order isomorphisms between the lattice of hesitant fuzzy quasi-
orders and lattices of sets of solutions. These results extend existing characterizations for
fuzzy relations and provide a unified algebraic framework for analyzing hesitant fuzzy relation
inequalities and equations.
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